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Abstract 



We calculate the ^-polynomials of certain twisted GL(«, C)-character varieties Mn of Riemann 
surfaces by counting points over finite fields using the character table of the finite group of Lie-type 
GL(«, F^) and a theorem proved in the appendix by N. Katz. We deduce from this calculation sev- 
eral geometric results, for example, the value of the topological Euler characteristic of the associated 
PGL(n, C)-character variety. The calculation also leads to several conjectures about the cohomology of 
Mn'- an explicit conjecture for its mixed Hodge polynomial; a conjectured curious Hard Lefschetz the- 
orem and a conjecture relating the pure part to absolutely indecomposable representations of a certain 
quiver. We prove these conjectures for n = 2. 
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1 Introduction 



Let ^ > and n > be integers. Let ^„ 6 C be a primitive n-th root of unity. Abbreviating [A,B] = 
ABA~^B~^ and denoting the identity matrix /„ 6 GL(n, C) we define 



an affine GIT quotient by the conjugation action of Gh(n, C). It is a twisted character variety of a genus 
g closed Riemann surface 2; its points can be thought of twisted homomorphisms of 7ri(£) GL(n, C) 
modulo conjugation. It is a non-singular affine variety of dimension d„ := n^{2g - 2) + 2 by Theorem 12. 2. 51 

One of the goals of this paper is to find the Poincare polynomial /'(A1„; = bi{Ain)t' which encodes 
the Betti numbers bi{A\„) of A1„. They were calculated for n = 2 by Hitchin [4Tj and for n = 3 by 
Gothen [25]. To be precise, Hitchin and Gothen work with a certain moduli space of Higgs bundles on 
Z, which is known to be diffeomorphic to A1„ by non-Abelian Hodge theory [|4Tll64l . On the other hand, 
the Poincare polynomial of the U(n)-character variety of S, where GL(n, C) is replaced by U(n) in the 
above definition and ^„ = exp(^27r/), were obtained by Harder-Narasimhan Il29ll , using the Weil conjectures 
proved by Deligne [10], and by Atiyah-Bott p] using gauge theory. An explicit closed formula for the 
Poincare polynomial of the U(n)-character varieties was given by Zagier f66] . 

Other motivations to study the cohomology of character varieties are discussed in which also an- 
nounces many of the results of this paper. Character varieties appear in the Geometric Langlands program 
of Beilinson-Drinfeld |[3l. Recently, many new ideas relating physics, in particular mirror symmetry, to the 
Geometric Langlands program have been discussed by Kapustin-Witten in [14611 . One can expect If32l[34l 
that the results of this paper will have analogues for SL(n, C) character varieties reflecting the expected 
relationship between certain Hodge numbers of PGL(n, C) and SL(n, C) character varieties dictated by 
mirror symmetry considerations. 

In this paper we study the mixed Hodge polynomials H(Mn',q,t) and uncover a surprising amount 
of structure governing them. The mixed Hodge polynomial is a common deformation of the Poincare 
polynomial P(Mn; t) = H{Mn, 1,0 and the so-called ^-polynomial E{Mn,q) = q''"H(Mn', l/q,-l) and is 
defined using Deligne's construction of mixed Hodge structures on the cohomology of a complex algebraic 
variety MM (see Subsection O)- 

We explicitly calculate the E-polynomial of M„ in terms of a generating function using arithmetic 
algebraic geometry. One key result used in this calculation is Theorem 16.1.21 3 of Katz in the appendix, 
which basically says that if the number of points of a variety over every finite field is a polynomial in q 
then this polynomial agrees with the ^-polynomial of the variety. 

Another ingredient is a well-known character formula. Theorem |2.3.2[ which counts the number of 
solutions of certain equations in a finite group. Similar counting formulas go back to the birth of character 
theory of finite groups by Frobenius [[T9l in 1896. Combining these and Corollary 13.5. II we get 



The character table of GL(n,F^) was determined by Green Il23ll in 1955. Using Green's results, the 
evaluation of the formula (11.1.21) is carried out in § [3l The calculation makes non-trivial use of the 
inclusion-exclusion principle for the poset of finite set partitions. The end result is an expression for the 
£■ -polynomials in terms of an explicit generating function in Theorem 13.5.21 An important consequence 
of our Theorem l3.5.2l is that the number of points of the variety A1„ over the finite field F^ is a polynomial 
in q. For example, for n = 2 we prove in Corollary 13 . 6 . 1 1 that 



M„:={Ai,Bu...,A„BgeGL(n,C) I [A,, B^] . . .[A„ B,] = ^M//GLin,C) 



(1.1.1) 




(1.1.2) 



E(M2; q)Kq - If' = {q^ - if''^ + q^'-\q^ - D^^"' - ' D''"' - ^^''"'(^ + D''"'- d-^-^) 
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An interesting topological outcome of our calculation is the precise value of the Euler characteristic 
of our character varieties. The variety M„ is cohomologically a product of (C^)^* and the PGL(n,C)- 
character variety M,, '■= Mn//{C^)^^, which is defined as the quotient of M„ by the natural action of 
the torus (C^)^^ on A1„. Therefore, the Euler characteristic of M„ is due to the fact that the Euler 
characteristic of the torus (C^)^^ is 0. However the Euler characteristic of M„ is more interesting (see 
§1231): 



Corollary 1.1.1. Let ^ > 1. The Euler characteristic of the PGL(n, C)-character variety A1„ is fi{n)n^^ ^, 
where ix is the Mobius function. 

The last result of the first part of this paper is a formula for the number of points on the untwisted GL(n) 
character variety (which is defined by replacing ^,,7 by / in the definition (|l.l.ll) ) over a finite field F^^. Our 
explicit generating function formula in Theorem 13.8.11 could be interesting to compare with recent work 
of Liebeck-Shalev [49] studying asymptotics of the same quantities. 

The second part of this paper concerns the mixed Hodge polynomial of A1„. In Conjecture 14.2. II we 
give a formula for it as a natural ^-deformation of our calculation of the ^-polynomial of A1„. Here we 
only give our conjecture in the case g = 1 . In this case we know a priori that our character variety is 
Ati = (C^)^, the 2-torus (see Theorem 12.2. 171) . Therefore our conjecture becomes a purely combinatorial 
statement. 



Conjecture 1.1.2. The following combinatorial identity holds: 



(^2«.i_^2/.i)- ^^^^ (z'-w'f r^^ 



\k>l 



(Z2<^- 1)(1 _ J/:) ^ ^ 



where the sum on the left hand side is over all partitions A, and the product is over all boxes in the Ferrers 



diagram of A, and a and I are its arm and leg-length, as defined in 92.41 

This yet unproven identity is reminiscent of the Macdonald identities and the Weyl-Kac character for- 
mula; it is conceivable that it has a representation theory interpretation. For example, the corresponding 
formula in the ^ = case will be proved as Theorem 14.3 . 1 1 using a result of Garsia-Haiman [21 J obtained 
from the study of Macdonald polynomials. This presently mysterious link between mixed Hodge polyno- 
mials of character varieties and Macdonald polynomials is further developed in [[35l[36l . In particular, the 
main conjecture of [36] says that the mixed Hodge polynomials of character varieties of Riemann surfaces 
with semisimple conjugacy classes at the punctures are governed by Macdonald polynomials in a simple 
way, its structure resembling a topological quantum field theory. 

We study many implications of our main Conj ecture 14.2.1! and prove several consistency results. Be- 
cause we have an explicit description of the cohomology ring of M2 given in Il37l l38l we are able to 
determine the mixed Hodge polynomial in the n = 2 case and confirm all our conjectures. 

Rather than giving a full description of our conjectures for general n here, we present instead the 
corresponding theorems in the n = 2 case. 

Theorem 1.1.3. The mixed Hodge polynomials 0/ AI2 and A\2 are given by 

^ H{M2\q,t) {qh^ + \f« ^2,-2^4,-4(^2^+1)2, 

HiM2;q, t) = , = 7—^3 TT + 



{qt + 1)2^; (^2^.2 _ 1)(^2^4 _ 1) (^2 _ l^i^qljl _ 1) 

1 ^2g-2f4?-4(^/' + 1)2« 1 q^«-h^s-\qt - \fs 
'2 {qfl-\){q-l) ~ 2 {q+\){qt^ + \) 



(1.1.4) 



4 



By setting t = -1 in this formula we recover the E'-polynomial in (I1.1.3I) . Thus, by purely cohomo- 
logical calculations on AI2 we derive formula (11.1.31) . which reflects the structure of irreducible characters 
of GL(2, ¥q). For example, the four terms above correspond to the four types of irreducible characters of 
GL(2, F^). Looking at the other specialization q = \ gives a pleasant formula for the Poincare polynomial 
P{M2, t) = H{M2\ 1, which agrees with Hitchin's calculation [41J. 

Changing by 1 Iqf' in the right hand side of (11.1.41) interchanges the first two terms and fixes the other 
two. This implies the following 

Corollary 1.1.4. The mixed Hodge polynomial of M2 satisfies the following curious Poincare duality.- 

H{M2; llqt\t) = {qt)-^'^^'H{M2,q,t) (1.1.5) 

In fact, we can give a geometrical interpretation of this combinatorial observation. First, H^(M2) is one 
dimensional generated by a class a. Define the Lefschetz map L : //'(AI2) H'^^{A\2) by .x; 1-^ a U .x;. As 
it respects mixed Hodge structures and a has weight 4 it defines a map on the graded pieces of the weight 
filtration L : Grf H'{M2) Grf^^H^^{M2). In §l5.3l we prove the following curious Hard Lefschetz 

Theorem 1.1.5. The Lefschetz map 

L' : Grl_,_,,H-'(M2) ^ Grl_,,,^H-\M2) 

is an isomorphism. 

The agreement of the dimensions of these two isomorphic vector spaces is equivalent to (11.1.51) . 

Interestingly, this theorem implies (see Remark 14.2.81) a theorem of [31] that the Lefschetz map L*" : 
//*^^~*'(Al2) H''^^^'^''(M2) is injective; where ^2 = dim AI2 = 6g-6. As it is explained in OTTl this weak 
version of Hard Lefschetz applied to toric hyperkahler varieties yields new inequalities for the /z-numbers 
of matroids. See also HOl for the original argument on toric hyperkahler varieties. Theorem 11.1.51 can 
also be thought of as an analogue of the Faber conjecture [T4] on the cohomology of the moduli space of 
curves, which is another non-compact variety whose cohomology ring is conjectured to satisfy a certain 
form of the Hard Lefschetz theorem. 

For any smooth variety X there is an important subring of H*(X), namely the so-called pure ring 
PH*(X) = ®kWkH''(X). We denote by PP(X; t) the Poincare polynomial of the pure ring. We can obtain 
PP(X; t) from H{X; q, t) by taking the monomials which are powers of qt^. In the case of M2 the pure ring 
is generated by a single class jS e H^{A\2) and with one relation fi^ = 0, the so-called Newstead relation. 
Consequently PP{M2\ t) = I + t'^ + ■ ■ ■ + t'^^''^. This impUes the following: 

Theorem 1.1.6. Let Aniq) be the number of absolutely indecomposable g-tuples ofnbyn matrices over 
the finite field ¥q modulo conjugation. Then for n = 2we have 

PP{M2, yfq) = /■^'A2(l/^) 

In §14.41 we conjecture the same for any n. The function A„(^) is an instance of the A-polynomial de- 
fined by Kac ll45ll for any quiver. The quiver here is Sg, g loops on one vertex. Kac showed that the A 
function is always a polynomial and conjectured it has non-negative coefficients. When the dimension 
vector is indivisible this has been proved by Crawley-Boevey and Van den Bergh [5J by giving a cohomo- 
logical interpretation of the A-polynomial. For Sg the result of [5J only applies in the n = I case, since 
all other dimension vectors are divisible. Our Theorem 11.1.61 shows a cohomological interpretation for 
A2{q). For general n Theorem 14.4. 1 1 together with our main Conj ecture 14 . 2 . 1 1 will then give a conjectural 
cohomological interpretation of A„(^), implying Kac's conjecture for Sg. 
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Theorem 11.1.61 implies that the middle dimensional cohomology H^^'^iMj) has a trivial pure part. 
It follows that the middle dimensional compactly supported cohomology also has trivial pure part. This 
implies the following theorem, which will be proved in Corollary 15.4.11 

Theorem 1.1.7. The intersection form on middle dimensional compactly supported cohomology H^/'^iMj) 
is trivial or equivalently the forgetful map H^^~^(M2) H^^~^iM2) is 0. 

This was the main result of [|30l and was interpreted there as the vanishing of "topological cohomology" 
for AI2. It is surprising that we can deduce this result only from the knowledge [|T7ll38ll of the structure of 
the ordinary cohomology ring H*{M2) and the study of its mixed Hodge structure. In fact, we only need to 
know that the famous Newstead relation = holds in H*(M2)- See [34,1 for a more detailed discussion 
on the background and various ramifications of Theorem 1 1.1.71 

The structure of the paper is as follows. In § |2]we collect various facts which we will need later. In 
§ 12. II we define and list properties of the mixed Hodge polynomials obtained from Deligne's mixed Hodge 
structure. In § 12. 21 we define and prove the basic properties of the character varieties we study. In § I2.3l we 
derive a classical character formula for the number of solutions of a certain equation over finite groups. 
In § 12.41 we collect the definitions and notations for partitions which will be used throughout the paper. In 
§ 12.51 we introduce a formalism to handle various formal infinite products. Then in § |3]we calculate the 
^-polynomial of our variety. In § |4]we formulate our main conjecture on the mixed Hodge polynomial of 
our character varieties and derive various consequences, several of which we can test for consistency. We 
also relate our conjectured mixed Hodge polynomial to Kac's A-polynomial in § 14.41 Finally in § [5] we 
prove all our conjectures in the n = 2 case. 
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2 Preliminaries 

2.1 Mixed Hodge polynomials 

Motivated by the (then still unproven) Weil Conjectures and Grothendieck's "yoga of weights", which 
drew cohomological conclusions about complex varieties from the truth of those conjectures, Deligne in 
Il8l|9l proved the existence of Mixed Hodge structures on the cohomology of a complex algebraic variety. 

Proposition 2.1.1 (Deligne ISll^l). Let X be a complex algebraic variety. For each j there is an increasing 
weight filtration 

= W-iCWoC...cW2j = H\X, Q) 
and a decreasing Hodge filtration 

H\X, C) = F° □ □ • • • □ □ F'"^' = 
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such that the filtration induced by F on the complexification of the graded pieces GrJ^ := Wi/Wi-i of the 
weight filtration endows every graded piece with a pure Hodge structure of weight I, or equivalently for 
every < p < I we have 

Grf = pPGrf ® F'-P^'Grf . (2.1.1) 

We now list properties of this mixed Hodge structure, which we will need in this paper. From now on 
we use the notation H*{X) for H*{X, Q). 

Theorem 2.1.2. 1. The map f* : H*(Y) H*{X), induced by an algebraic map f : X ^ Y, strictly 
preserves mixed Hodge structures. 

2. Afield automorphism cr : C ^ C induces an isomorphism H*(X) = H*{X"'), which preserves the 
mixed Hodge structure. 

3. The Kiinneth isomorphism 

H*(X xY)= H*(X) ® H*(Y) 
is compatible with mixed Hodge structures. 

4. The cup product 

H\X) X H'iX) H''''\X) 
is compatible with mixed Hodge structures. 

5. IfX is smooth Wj-iH-'{X) is trivial. 

6. IfX is smooth the pure part PH*(X) := ®kWkH''{X) c H*(X) is a subring. 

7. IfX is smooth and i : X ^ Y is a smooth compactification ofX, then Im(i*) = PH*{X). 

Using Deligne's [9, 8.3.8] construction of mixed Hodge structure on relative cohomology one can 
define [7| (for a general discussion of this cf. Note 11 on page 141 of [20]) a well-behaved mixed Hodge 
structure on compactly supported cohomology H*(X) := H*(X, Q). Its basic properties are as follows (for 
proofs see Il58l ): 

Theorem 2.1.3. 1. The forgetful map 

Hl{X) H\X) 
is compatible with mixed Hodge structures. 

2. For a smooth connected X we have Poincare duality 

H''(X) X hY-\X) Hl\X) = Qi-d) (2. 1 .2) 

is compatible with mixed Hodge structures, where Qi-d) is the pure mixed Hodge structure on Q 
with weight 2d and Hodge filtration F^ = Q and F''"^' = 0. 

3. In particular, for a smooth X, W-''*'^Hi.{X) = Hl{X) . 
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Definition 2.1.4. Define the Mixed Hodge numbers by 

hP^'i'KX) := dime (GrlGr'^p^^H\Xf) , 
and the compactly supported Mixed Hodge numbers by 

hP^^'J(X) := dime (Gr'^GrJ^^HiiXf) . 
Form the Mixed Hodge polynomial: 

HiX;x,y,t):=J]hP''^'\X)xPy'^t\ 
the compactly supported Mixed Hodge polynomial: 

HAX- x,y, t) := J] K'^-'\X)xPy'^tj , 

and the E-polynomial of X: 

E{X;x,y) := H,{X- x,y,-l). 

(|2.1.2I) implies the following 
Corollary 2.1.5. For a smooth connected X of dimension d we have 

H,{X-x,y,t) = (xyt^HiX; \/x; \/y; \/t). 

Remark 2.1.6. By definition E{X; 1, 1) = HdX; 1, 1, -1) is the Euler characteristic of X. 

Remark 2.1.7. For our varieties A1„ we will find in Corollary 14. 1 . 1 1 1 that only Hodge type (p, p) can be 
non-trivial in the mixed Hodge structure, in other words h''''''-' = unless p = q. Hence, H{A\n\ x,y,t) 
only depends on xy and t. To simplify our notation we will denote by 

H{Mn;q,t) := HiMn, yfq, yfq,t) (2.1.3) 

and 

E(Mn;q) := EiMn, ^/q, ^/q). 

It is in fact the £'-polynomial which could sometimes be calculated using arithmetic algebraic geom- 
etry. Here we explain a theorem of Katz (for details see the appendix). The setup is the following. Let 
X be a variety over C. By a spreading out of X we mean a separated scheme X over a finitely generated 
Z-algebra with an embedding (p : R ^ C, such that the extension of scalars = X. We say that X 
has polynomial coun^ if there is a polynomial Pxit) e and a spreading out X such that for every 
homomorphism : i? ^ to a finite field, the number of F^-points of the scheme Xif, is 

#^^(F,) = Pxiq). 

Then we have the following (cf Theorem l6.1.2[ 3) 

Theorem 2.1.8 (Katz). Let X be a variety over C. Assume X has polynomial count with count polynomial 
Px(t) 6 Z[t], then the E-polynomial ofX is given by: 

EiX;x,y) = Px(xy). 

' A similar property for smooth and proper schemes was studied in ||T31 . 
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Remark 2.1.9. Informally this means that if we can count the number of solutions of the equations defining 
our variety over F^^, and this number turns out to be some universal polynomial evaluated at q, then this 
polynomial determines the iS-polynomial of the variety. 

In fact it is enough for this to be true for all finite fields of all but finitely many characteristics. We 
illustrate this in a simple example. 

Example 2.1.10. Fix a non-zero integer m e Z and let X be the scheme over Z determined by the equation 

xy = m. (2.1.4) 

The extension of scalars X^p of X determined by a ring homomorphism : Z — > is given by the same 
equation (12.1.41) now viewed over F^. It is easy to count solutions to (|2.1.4I) . Let p be the characteristic of 
F^ (so that qis a power of p). Then 

Therefore X/Z is fiberwise polynomial-count but not strongly polynomial-count (for precise definitions 
see the appendix). This is not a contradiction to Theorem 16. 1.41 of the appendix; if we extend scalars to 
Z[^] then we eliminate the primes dividing m and find that in all cases #X^(¥^) = q - I, hence X has 
polynomial count. In fact, X/Z[^] is just isomorphic to G„,/Z[^] . 

Example 2.1.1 1. To illustrate Katz's theorem further, we consider the variety X = C^. First we determine 
its mixed Hodge polynomial (cf. proof of Theorem 9.1.1 in [9J ). The only question is to decide the 
Hodge numbers on the one-dimensional H^{C*). Because /z"'^'^ = /z^'"'' and /z^'"'^ = /z"'^'' we must have 
^i,i;i^(^x-j _ y ^Yyq mixed Hodge polynomial is 

H(C-x,y,t) = \+ xyt. (2.1.6) 

Consequently, the compactly supported mixed Hodge polynomial is 

HciC;x,y, t) = t + xyt^, 

by Corollary 12. 1.51 . Therefore the £'-polynomial is 

EiC;x,y) = xy-l. 

We can obtain the variety by extension of scalars Z c C from the group scheme G„, over Z . The 
counting polynomial of this scheme is the polynomial Pc^iq) = q - I = #G,„(F^), which is consistent with 
Katz's theorem above. 



2.2 Character varieties 

Here we define the character varieties and list their basic properties. 

Let ^ > 0, n > be integers. Let K be an algebraically closed field with ^„ 6 K a primitive n-th root of 
unity. The existence of such ^„ is equivalent to the condition 

char(K)^n (2.2.1) 

which we henceforth assume. Examples to bear in mind are K = C and the algebraic closure of a finite 
field K = F^, where q = p'' is a prime power, with p ^ n. 
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Denote by /„ 6 GL(n,K) the identity matrix, [A,B] := ABA'^B'^ e SL(«,K), the commutator. The 
group GL(n, K) acts by conjugation on GL(n, K)^^: 

cr : GL(n, K) x GL(n, K)^^ ^ GL(n, K)^^ 

(h,(AuBu...,Ag,Bg)) ^ (h~^Aih,h-^Bih,...,h-^Agh,h-^Bgh,). 

As the center of GL(n, K) acts trivially, this action induces an action 

a- : PGL(n, K) x GL(n, Kf^ GL(n, Kf^ (2.2.2) 

of PGL(n, K). Let : GL(n, K)^^ ^ SL(n, K) be given by 

fi(Ai,Bu...,Ag,Bg) := [Ai,5i] . . . [A„5,]. 

We define 

:=//-Ha«)- (2.2.3) 

Clearly the PGL(n, K)-action (|2.2.2I) will leave the affine variety 1/„ invariant. Thus we have a PGL(n, K) 
action on 1/„: 

a- : PGL(n, K) x ^ 'i/n- (2.2.4) 

The categorical quotient 

7r„ : 1/„ ^ M„ (2.2.5) 



exists by [|56l Theoreml.l] (cf. also [|57l §3]) in the sense of geometric invariant theory 11561 . Explicitly 
we have 

and TTn is induced by the obvious embedding of K[^/„]P°L("•'^^ c K['W„]. We call M„ a ?wz5fej GL(n, K)- 
character variety of a closed Riemann surface of genus g. We will use the notation A1„/K for the variety 
A1„, when we want to emphasize the ground field K. 

Example 2.2.1. When ^ = A1„ is clearly empty, unless n = \ when it is a point. 

Example 2.2.2. When n = I, SL(1,K) and PGL(1,K) are trivial, and so Mi = GL(1,K)2« = (K^)^? is a 
torus. The mixed Hodge polynomial of A1„/C then is 

//(Ml /C; jc, J, = (1 + xytfK (2.2.6) 

by Theorem [2T2I3] and (l2T6l) . 

Remark 2.2.3. It will be important for us to have a spreading out Xn/R of the variety M„/C over a finitely 
generated Z-algebra/?. Clearly 1/„ can be defined to be an affine scheme over/? := Z[^„]. Using Seshadri's 
extension of geometric invariant theory quotients for schemes [i63ll . we can take the categorical quotient 
by the conjugation action of the reductive group scheme PGL(n,/?). Explicitly, Xn = Spec ^R['//n]^'^^*"'^^j. 
As the embedding : /? ^ C is a flat morphism, [f63l Lemma 2] implies that 



thus Xn is the required spreading out of M„/C. Roughly speaking the scheme Xn/R will be our bridge 
between the varieties M„/C and M„/F^. 
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We have the following immediate 

Corollary 2.2.4. The mixed Hodge polynomial H{M„/C; x,y,t) does not depend on the choice of the 
primitive n-th root of unity ^„ e C. 

Proof. As MnlC can be obtained by base change from XnIR with : 7? ^ C, we see that the Galois 
conjugate M'^ for any field automorphism cr : C ^ C can be obtained from the same scheme Xn/R by 
extension of scalars <t4> : R ^ C. Now Theorem 12 . 1 . 2 12 1 implies the corollary. □ 

Theorem 2.2.5. The variety Mn is non-singular 

Proof. Because of Example 12.2. II we can assume ^ > for the rest of the proof. 

We first prove that the afline subvariety 1/„ c (GL(n, K))^^ is non-singular. By definition it is enough 
to show that at a solution s = (Ai, Bi, . . . ,Ag, Bg) of the equation 

[AuB,]...[Ag,Bg] = ^Jn (2.2.7) 

the derivative of fi on the tangent spaces 

Jyu, : r,(GL(n,K)2^) ^ r^„/„SL(n,K) 

is surjective. So take (Xi, Yi, . . . , Xg, Yg) e T,(Gh(n, Kf^) = Q{(n, Kf^. Then diff"erentiate // to get: 

g 

dUsiXu Fi, . . . , X„ Yg) = YjiAuBi] . . . [Ai^,,Bi^r]XiBiAT'BT'[Ai^,,Bi^i] . . . [A„ Bg] 

i=l 
g 

+ YjiAuB,] . . . [A,-.i, 5,.i]A,y,A7i57i[A,^i, . . . [Ag, Bg] 



g 



- Y^AuB,] . . . [A,_i,5,_i]A,-5,.A7iX,Ar'57i[A,^i,5,^i] . . . [Ag,Bg] 

i=\ 

g 

- _^[Ai,5i] . . . [A,_i,5;_i]A,-5;A7i57iy,5-i[A,-^i,5,^i] . . . [A„5g], 



where we used the product rule for matrix valued functions, in particular that dv^fX) = -A'^XA'^ for 
the derivative of the function v : GL(n,K) GL(n,K) defined by v(A) = A"' at A 6 GL(n,K) and 
X e TAGL(n, K) = gl(n, K). Using (I2.2.7D for each of the four terms, we get: 

g 

dfiAXr, Y,,...,Xg,Yg) = Y, (fm + giiYi)) , (2.2.8) 

1=1 

where we define linear maps f : gl(n, K) s>l{n, K) and gi : gl(n, K) 5l(n, K) by 

fiX) = UAuBi] . . . [A,-i,5,_i] (xAt' -AiBiAT'XBi'AT'){[AuB,] . . . [A,_i,5,_i])-' 

and 

gi(X) = UAuBr] . . . [A,-i,5,„i] (AiYiBT^Aj' - AiBiAT'BT'YtAiBT'Ai')([AuB,] . . . [A,_i, 5,_i])-i . 
Assume that Z 6 5l(n, K) such that 

Tv(Zdiu,,(X, ,Yu...,Xg,Yg)) = (2.2.9) 
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for all Xi and 7,. By (12.2.81) this is equivalent to 

Tr(Zy;(X,)) = Tr(Z^,(^,)) = 

for all i and Xj 6 GL(n, K). We show by induction on i that this implies that Z commutes with A, and Bj. 
Assume we have already proved this for j < i and calculate 

= Tr(Z/(X,)) = Tr ((at'Z - Bi'AT'ZAiBiAi')Xt) 

for all Xi, thus Z commutes with A,5,A7^ Similarly we have 

= Tr(Z^,(^,)) = TT((Bi'Ai'ZAi-AtBi'Ai'ZAiBiAi'Bi')x,), 

which implies that Z commutes with A;5,A;57'A7'. Thus Z commutes with A, and 5,. The next lemma 
proves that this implies that Z has to be central. Because Z was traceless, we also get Z = by (|2.2.1I) . 
Thus there is no non-zero Z such that (12.2.91 ) holds for all X, and 7,. Again because of (12.2.11) this implies 
that dfi is surjective at any solution s of (|2.2.7I) . Thus 1/„ is non-singular. 

Lemma 2.2.6. Suppose Z e gl(n, K) commutes with each of the 2g matrices A^, Bi, . . . ,Ag, Bg e GL(«, K), 
which solve A2.2.7\) . Then Z is central. 



Proof. If Z is not central and A is an eigenvalue then E 
Ai and 5, all commute with Z, they preserve E. Let A, 
we get 



= ker(Z - AIn) is a proper subspace of K". Because 
= Ai\E and 5,- = Then restricting (12.2.71) to E 



{AuB,]...{Ag,Bg\=UE. 

As the determinant of a commutator is 1, the determinant of the right hand side has to be 1. But this 
implies ^^™^ = 1, which is a contradiction as ^„ is a primitive n-ih. root of unity. The lemma follows. □ 

This lemma also proves that if ^ e GL(n, K) is not central then it acts set-theoretically freely on the 
solution space of (12.2.71) . We can also deduce the following more general 

Corollary 2.2.7. The action a o/PGL(n, K) on defined in (|2.2.4I) . is scheme-theoretically free ( ^5^ 
Definition 0.8 (iv)]). 

Proof. The statement says that the map ¥ : = p2) : PGL(n, K) x 1/„ 1/„ x 1/„ is a closed immersion. 
We prove it by an argument similar to the proof of [|60l Lemma 6.5]. 

To prove this consider the map O : 1/„ x tin HomK(gI(n, K), gI(/7, K)^^), defined by 

^((AuBu...,Ag,Bg),(AuBu...,Ag,Bg)){h) = (hAi - A,h, . . . ,hBg- Bgh) . 

We show that (D(x, y) has a non-trivial kernel if and only if {x, y) 6 1/„ x 1/„ is in the image of ^, i.e., there 
is an ^ 6 PGL(n, K) such that 3; = hx. The if part is clear. For the other direction assume that 0(x,j) has 
a non-trivial kernel, i.e., h e gl(n, K), such that (!)(x,y)(h) = 0. Then the matrices Ai, 5i, . . . ,Ag, Bg, 
which solve (|2.2.7I) . will leave ker(/j) invariant. As in the proof of Lemma [2.2.61 this implies that ker(/z) 
is trivial i.e., h is invertible. So indeed ker(0(;c, j)) implies that there exists h e PGL(n, K) such that 
y = hx. We also get that in this case dim(ker (^(x, y)) = 1 as the action is set-theoretically free. 

Now we fix a basis for gl(n, K), and take the closed subscheme given by the vanishing of all n^ x n^ 
minors in the entries of the matrices ^ix,y) 6 HomK(gI(«, K), gl(n, K)^^). This shows that the image of *P 
is a closed subscheme Z of 1/„ x 

Moreover on the Zariski open subscheme of Z where a given (n^ - 1) x (n^ - 1) minor of ^{x,y) is 
non-zero, we can solve algebraically for the unique h 6 PGL(n, K) such that y = hx, giving us locally an 
inverse Z 1/„ x 1/„ to showing that *P is an isomorphism onto its image. The Corollary follows. □ 



12 



In particular ^ is a closed map. Consequently the action is closed so ll56l Amplification 1.3, Proposi- 
tion 0.9] imply 

Corollary 2.2.8. The categorical quotient (Mn, 7r„) is a geometric quotient and Un in (|2.2.5I) is a PGL(n, K)- 
principal bundle, in particular is flat. 

Because the geometrical fibres of the flat morphism 7r„ are non-singular (they are all isomorphic to 
PGL(n, K)) n„ is a smooth morphism by [55, Theorem III.10.3']. By [27, Corollary 17.16.3] a smooth 
surjective morphism locally has an etale section, so etale-locally the principal bundle '■ lAn Mn is 
trivial. As 1/„ is non-singular, we get that Mn is also non-singular. □ 

We will see in Corollary 13.5.51 that our varieties 1/„ and A1„ are connected. Here we can determine 
their dimension. 

Corollary 2.2.9. For g > the dimension of (each connected component of) Mn is dn := n^{2g -2) + 2. 
Proof. From the previous proof we see that the dimension of (each connected component of) 1/„ is 



Because ;r„ is flat we have to subtract dim(PGL(n, K)) = n^ - 1 from this to get the dimension of Mn 
proving the claim. □ 

Definition 2.2.10. The torus (K^)^^ acts on 1/„ c GL(n, Kf^ by the foUowing formula: 



This action commutes with the action cr. Thus (K^)^^ acts on A1„. We call the categorical quotient 



dim(GL(n, K)^«) - dim(SL(n, K)) = 2gn^ - (n^ - 1). 



T : (K^f « X GL(n, K)^^ ^ GL(n,K)2« 
{(Ai, . . .,A2g),{Ai,Bi, . . . ,Ag,Bg)) 1-^ {AiAi,A2Bi, . . . , A2g-iAg, A2gBg). 



(2.2.10) 



Mn := M„//(K^)^^ = ^ln// (PGL(n, K) x (K^)^^) 



the twisted PGL(n, K)-character variety of the genus g Riemann surface 2. 



Remark 2.2.11. Mn could be considered as a component of the variety of homomorphisms of ni(E) into 
PGL(n, K) modulo conjugation, this motivates its name. 



Theorem 2.2.12. The variety Mn is an orbifold. Each connected component of Mn has dimension dn = 
(n^ - l)(2g - 2). Moreover when K = C its cohomology satisfies 



H\MnlC) = H\MnlC)®H\MilC), 



and the mixed Hodge polynomial satisfies: 



H(Mn/C; x,y, t) = H{MnlC\ x,y, t)(l + xyt) 



(2.2.11) 



Proof Let yu' : SL(n, Kf^ SL(n, K) be given by 



^l'{A,,B,,...,Ag,Bg) := [A,,B,]...[Ag,Bg]. 



We define 



'W; := (iur\W- 



(2.2.12) 
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The PGL(n, K)-action (l2X2l) on SL(n, Kf^ c GL(/7, K)^« will leave the affine variety invariant. We 
have the categorical quotient 

<:'W:^M:. (2.2.13) 

defining the twisted Sh(n, K)-character variety M'„. Exactly as in the GL(n, K) case we can argue that 1/^ 
and M', are non-singular, n'^ is a PGL(n, K)-principal bundle and the components of have dimension 

dim(SL(n, K)^^) - dimSL(n, K) - dimPGL(n, K) = (n^ - \)(2g - 2). 

We denote by /z„ the group scheme of n-th roots of unity, fil^ c (K^)^^ acts on U'^ c 1/„ c Gh(n, K)^^ 
induced from the action (12.2.101) . It commutes with the action cr in (|2.2.4I) and so f4f also acts on M'„. Note 
that the map SL(n, K) x GL{n, K) given by multiplication is the categorical quotient of the action 

of the subgroup scheme fi„ = {{^%, Q'^), J = 1, ...,«} c SL(n, K) x on SL(n, K) x K^. Therefore we 
can identify tin = {l^'n ^ and taking quotients we have 

Mn = (MnX(Ky^)//fil^ (2.2.14) 

In particular we see that the categorical quotient 

M„ = Mn//(Ky« = (m; X (KX)2«) // (fi^f X (KX)2^) = M'J/fil' (2.2.15) 

is an orbifold of dimension (n^ - l)(2g - 2). 

When we take cohomologies in (12.2.141) we get: 

H*(Mn/C) = (H*(M'JC X MJC)/"' = H*(M'JC)'^' ®H*(Mi/C) = H*(M„/C) ^ H*(Mi/C), 

by (12.2.151) . the Kiinneth theorem, the fact that f4f acts trivially on H*{Mi/C) and the observation of 
Grothendieck ll26l that the rational cohomology of a quotient of a smooth variety by a finite group like 
(12.2.151) and (|2.2.14l) is the invariant part of the cohomology of the space. The Theorem follows. □ 

For ^ = 1 we now determine our varieties A1„ and Ai„ explicitly. 

Lemma 2.2.13. Let H c Gh(n, K) be the subgroup generated by A,B e GL(n, K) satisfying 

[A,B] = ^Jn, (2.2.16) 

where I„ is the identity matrix. Then the corresponding action ofH on K" is irreducible. 

Proof. The proof is the same as in the proof of Lemma l2.2.6[ □ 

Lemma 2.2.14. With the notation of the previous lemma \2.2.13\ we have 

A" = al„, B" = /3In, a,/3 e K^. (2.2.17) 

Proof. From (|2.2.16l) we easily deduce that 

ji^jgk ^ ^jk^kj^j^ e Z. (2.2.18) 

In particular. A" and B" are in the center of H and our claim follows from Schur's lemma and Lemma [2.2.13[ 

□ 
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Lemma 2.2.15. There exists a unique solution, up to conjugation, to the equations 



A" = 



B" = L 



nt 



[A,B] = U, 



A, Be GL(n,K), 



(2.2.19) 



where I„ is the identity matrix. 

Remark 2.2.16. The group H generated by the matrices in the hypothesis of the lemma is a finite Heisen- 
berg group. The lemma is a version of the Stone-von-Neumann theorem on the uniqueness of the Heisen- 
berg representation. 

Proof. Let v 6 K" be an eigenvector of A, say Av = with ^" = 1. Then ABv = ^„BAv = ^^nBv and Bv is 
also an eigenvector of A. Repeating the process we see that B^v is an eigenvector of A for all k eZ. 

Since the action of H is irreducible by Lemma [2.2.13l we must have that v, Bv, . . . , 5""^v is a basis of 
K" (their span is clearly stable under H). Replacing v by an appropriate vector B'^v if necessary we may 
assume that ^ = 1. Hence in this basis A is the diagonal matrix with entries 1, . . . , ^""^ along the 
diagonal and B is the permutation matrix corresponding to the n-cycle (12 ■ • ■ n). It is easy to verify that 
these particular matrices are indeed solutions to the equations (12.2.191) and we have shown all pairs of 
matrices satisfying (12.2.191 ) are conjugate to these proving our claim. □ 

Theorem 2.2.17. The orbits of the action o/GL(n, K) acting on the solutions to 



by conjugation are in bijection with x via (A, B) (a,/3) where A" = al,„ B" = /?/„. Consequently 



Proof. Consider the action of (K^)^ on A1„ induced by (12.2.101) . Let xq e M„ be the point corresponding 
to the unique PGL(n,K) orbit in 1/„ of pairs of matrices {A,B) solving (12.2.191) . Then for such a pair 
of matrices t(Ai,A2)(.A, B) = {A^A, A2B) will give a solution of (|2.2.16l) . such that (12.2.171) will hold with 
a = A" and /3 = A!^. Because of the uniqueness of Xq, we see that the action of (K^)^ on A\„ is transitive. 
Therefore M, is a point. The stabilizer of xq is nl c (K^)2. It follows that M„ = {IL^'fUnl = x K^, 
and the isomorphism A1„ ^ x is given by the map in the theorem. □ 

2.3 Counting solutions to equations in finite groups 

We collect in this section various known results about counting solutions to equations in finite groups that 
we will need. These and similar results have appeared in the literature in many places see for example [621, 
IfTSll . [|53l . Interestingly, the first application in Frobenius's [19] of 1896, where he introduced characters 
of finite groups, were formulas of similar type. (Those that relate to a Riemann sphere with punctures.) 

These counting formulas arise naturally, when considering Fourier transform on finite groups. This 
point of view will be discussed in [[35l . where it is shown that the counting formulas below and the one in 
[133]| have the same origin. 

Let G be a finite group. For a function 



[A,B] = U, 



A, Be GL(n, K) 



X and At„ is a point when ^ = 1. 



C 



we define 
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Given a word w 6 F„, where F„ = {Xi, . . . ,X„) is the free group in generators Xi , . . . , X„, and a function / 
on G as above we define 

{f,w} := I f(w(xi,...,Xn))dxi...dXn, (2.3.1) 
where w{xi, . . . , x„) is a shorthand for 0(w) 6 G with : F„ — > G the homomorphism mapping each X; 

to Xj. 

Lemma 2.3.1. With the above notation we have for any z&G andx any irreducible character ofG 

r x(z) 

X(w(xi Xn)z) dxi... dxn = {x, M —— (2.3.2) 
Proof. Consider the linear endomorphism of the vector space V of a representation p of G with character 

^■"iGi" X p{w(xi,...,Xn)). 

' ' (x,,...,.r„)eG" 

Changing each Xj in the sum defining W by zxiz'^ for some z e G does not change the sum. On the other 
hand, w(zxiz~\ ■ . .,zXnZ~^) = zw(xi, Xn)z'^, hence W = p{z)Wp{zT^ . In other words, W is G-linear. 
By Schur's lemma V7 is a scalar; taking traces we find that 

W = —— idv . 

Multiplying both sides by p{z) on the right and taking traces again we obtain (12.3.21) . □ 
Proposition 2.3.2. With the above notation let N{z) be the number of solutions to 

wixi- ■ ■ Xn)z= I, (jci,...,x„) e G", (2.3.3) 

then 

X 

where the sum is over all irreducible characters ofG. 
Proof. Write the delta function on G 

^ I 1 x=\ 
\ otherwise 

as a linear combination of the irreducible characters of G 

5 = Y,^xX, (2.3.5) 



where 



On the other hand, 



Jg 



Xix)5{x) dx = 77;;- • 



//(z) = |G|" I 6{w{xi,. . .,Xn)z) dxi . . .dXn, 
Jg" 

which combined with (12.3.51) and (12.3.21) yields our claim. □ 
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Consider now words w,- 6 . . . ,Xlil) in disjoint set of variables for / = I,. . .,k and let w = 
<Xj^\ . . . , Xi\\ Xf\ ...,Xf^,...). From lemma[23I]it follows by induction that 



[X^ wi] ■■■ \x, Wk} 



\XM= '''' ['T ■ (2.3.6) 



As an application, consider w = [x, y] = xyx ' . It is not hard to verify that 

1 



\x,M = 



x(i) 



Indeed, consider the linear endomorphism of the vector space V of a representation p of G with character 
X 



1^1 .ea 



By changing variables in the sum we see that Wp(z) = piz)W for all z & G. Hence, by Schur's lemma W 
is a scalar; taking traces we find that 

W = — — idy . 

x(^) 

Now we note that {x, w} is the trace of 

and our claim follows. We conclude from proposition [2321 that for an}@^ e Z>o 

/ |G| \^^^' 

#{(xuy[,---,Xg,yg) e G"-^ \ [xuyi\- ■ ■[Xg,yg\z = 1} = ^ j X{z). (2.3.7) 

Remark 2.3.3. For z = 1 the quantity in (12.3.71) equals # Hom(rg, G) where F^ is the fundamental group of 
a genus g Riemann surface. Hence we have 



#Hom(F„ G) = |G| ^ (^1 , (2.3.8) 



X 

which, in particular, implies the remarkable fact that |G| always divides #Hom(Fg, G) for ^ > 0. 



2.4 Partitions 

We collect in this section some notation and concepts on partitions that we will need later. The main 
reference is Macdonald's book [ISTI . 

Let !P„, be the set of all partitions /I of a non-negative integer m = \A\ (where for m = we only have 
the zero partition {0}) and "P = [Jm'Pm- We write a partition of n as A = (Ai > A2 > ■ ■ ■ > Ai > 0), so that 
2 Ai = n. The Ferrers diagram d(A) of A is the set of lattice points 

{(ij) eZ<oxZ>o : j <A^t^i]. (2.4.1) 

^In this paper we avoid the use of the notation N as the notion of natural numbers is different for the two authors. Instead 
we use the notation Z>o and Z>o respectively. 
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The arm length a(z) and leg length l{z) of a point z 6 d{X) (sometimes called a box) denote the number of 
points strictly to the right of z and below z, respectively, as indicated in this example: 



• Kz) 



where A = (5, 5, 4, 3, 1), z = (-1, 1), a{z) = 3 and l(z) = 2. The hook length then is defined as 

hiz) = liz) + a(z) + l. 
Given two partitions A,jue'Pwe define 

where A' = (A[,A2, . . .) and fi' = (/ip/ij, . . .) are the dual partitions. 
For A = (Ai,A2, . . .) we define 

n{A):=J](i-m 



(2.4.2) 



(2.4.3) 



j>i 



then 



{A, A) = 2n{A) + \A\. 
Let the hook polynomial be (see [|5T. p. 152]) 

HA(q) = Y]iq' - 1), 



(2.4.4) 
(2.4.5) 
(2.4.6) 



where for the product is taken for the set of boxes d{A) in the Ferrers diagram of A and we let h = h{z) 
denote the hook length of a box z 6 d{A) as defined in (12.4.21) . 

It will be convenient for us to work with Laurent polynomials in ^2 and scale the hook polynomial by 
an appropriate power of q. Concretely, we let 

'H,(^):=^"^^'''^n^l-A (2.4.7) 
Hence with this normalization we have 

"HAq-') = i-lf^'HAq) 



smce 



Y^h = n{A) + n{A') + \A\. 
For a non-negative integer g and a partition A we define 

(z^"^'-w^'^'f 



iz 



2a+2 



(2.4.8) 
(2.4.9) 

(2.4.10) 



a rational function in z, w, where the product runs over the boxes in d{A) with a and / the corresponding 
arm and leg length. (Typically g will be fixed and hence there is no need to indicate it in the notation. Also 
the context should make clear whether "K^ represents the one and two variable version.) 
We note the following easily checked properties of "Hi. 
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1. 

"HA ^,l/^fq) = 'HAqf'-'; (2.4.1 1) 

2. 

-w) = 'HAz, w), Hiiw, z) = nHAz, w); (2.4.12) 
3. l-ix has a Laurent series expansion in z and 

'Ka= Yj eZ[[z,w-i]][w] (2.4.13) 

i>io,;>o 

with/o = -(2^-2)<i,^). 
(To verify the last statement, for example, write 



<ha{z w) = w(2«-2)<^-^> n 5^ '- 



and expand each factor of the denominator in a geometric series.) 
2.5 Formal infinite products 

We will need the following formal manipulations of infinite products. For a discussion for general /l-rings 
see |[24l whose notation we will follow. 

We first define the crucial maps Exp and Log that we need. Let K := k(xi, . . . , x^) be the field of 
rational functions in the indeterminates xi, . . .,Xn over a ground field k of characteristic zero. In the ring 
^[[r]] of formal power series in another indeterminate T with coefficients in K we consider the following 
map 

Exp:ri^[[r]] i + ri^[[r]] (2.5.1) 

(2.5.2) 



V ^ cxp\J^^V(x[,...,x'-f„r) 



The map Exp has an inverse Log which we now define. Given F e I + TK[[T]] let t/„ 6 ^ be the 
coefficients in the expansion 

log(F) =: y Un(xi,. . . , Xn) — . 

^ n 



Define 



Vn{xu . . . , Xiv) := - y ijL{d) Unidixi, Jc^), (2.5.3) 



d\n 

where // is the ordinary Mobius function, and set 

Log(F) :=_2K(xi,...,x^)r. 

fi>i 

We now prove that Exp and Log are indeed inverse maps. 
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Let V = Zn>i Vn(xi, ...,XM)T"e TK[[T]] then 

log(Exp(y)) = Y,V„(x[,...,x'^) — 

n,r>\ 

n>l d\n 

SO that 

Un{x\, . . . , xn) = ^ d Vdix'l^'^, . . ., x"J'^). 

d\n 

By Mobius inversion this equality is equivalent to (|2.5.3I) . Therefore LogoExp(y) = V and similarly 
Exp o Log(F) = F for F e 1 + TK{{T]]. 

Note that Exp and Log work the same way if we replace ^[[T]] by 5* [[7]] where 

S := ^[[xi, • ■ • , \ • ■ • , Xj^^ 

is a Laurent series ring. 

The connection with infinite products is the following one. We clearly have that Exp(y + W) = 
Exp(y)Exp(W^) and 

Exp(jc'" T") = (1 - r")-\ m = (mi, . . . , myv) e Z^, « 6 N, 

where := x^' ■ • ■ x^. Now suppose that the coefficients in V = 2„>i Vnixi, ...,xn) T" e TK[[T]] have 
a Laurent expansion 

V„ixi,. . .,xn) = '^am^nx'", TTi = (mu ■ ■ ■ , niN) e , a,„,„ e k (2.5.4) 

m 

in S . Then formally we may write 

Exp(y) = ]~[(1 - x"" T")-"'""; (2.5.5) 

m,n 

or, in other words, for F e I + TS [[T]] we may think of the coefficients in Log(F) = 2m,« x'" T" e 
TS [[T]] as the exponents of a formal infinite product expansion of F of the form (I2.5.5|) . 
In fact, we may actually replace k by Z. Let 

R := Z[[xi, • ■ • , xa?]][.'Ci \ • ■ • , Xf/]. 

Then from (12331) we see that Exp maps TR[[T]] to 1 + TR[[T]]. 

Similarly, Log maps 1 + ri?[[r]] to ri?[[r]]. Indeed, we claim that any F 6 1 + ri?[[r]] can be written 
as a formal infinite product 

F = Y]il - x^ rr-", a,n,n 6 Z. (2.5.6) 

m,n 

We may in fact find the exponents a„,,„ recursively as follows. Order the m's, say lexicographically. Start 
with n = 1 and let mo be the smallest m such that a^j ^ 0. Consider F(l - jc"'" r)'''"o ' e 1 + TR[[T]]; its 
coefficient of jc'"" T is zero by construction. Repeat the process with this series. In the limit we get a series 
say Fi 6 1 + Fi?[[r]] whose coefficient of T is zero. Now set n = 2 and start all over again with Fi. In the 
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limit we end up with the constant series 1 from which we obtain an expression of the desired form (|2.5.6I) . 
Clearly Log(F) = 2m,;i ^"^ ^" hence, in particular, the exponents a„, „ are uniquely determined by F. 

Usually given F = Exp(V) with V e r^[[r]] we have more than one choice for what Laurent series 
ring to consider for the expansion (12.5.41) of the coefficients of V. This may result in at first puzzlingly 
different infinite products for the same series F. 

A typical example is the following. Let V = T/(l-q).lfwe expand it in a Laurent series in q we have 

V = TY,q" mZ[[q,T]] 

n>0 

and hence 

F :=Exp(r/(l -^)) = Yl(i-q"Tr\ mZ[[q,T]]. 

n>0 

On the other hand V = -Tq~^ /(I - q~^) and hence if we expand it in a Laurent series in q~^ we find 

n>\ 

and hence also 

= - in (2.5.7) 

n>\ 

This observation becomes important, for example, when comparing results from different sources. 

3 E-polynomial of Mn 

3.1 The irreducible characters of the general linear group over a finite field 

Throughout this section G„ will denote the group GL(n,F^) for a fixed n e Z>o and finite field of 
cardinality q. We now recall the description of the irreducible characters of G„ following f5V\. 

Fix an algebraic closure of F^. For each r e Z>o let F^r be the unique subfield of F^ of cardinality 
q'' . Let Frob^^ e Gal(F^/F^) be the Frobenius automorphism x Then F^^^ is the fixed field of Frob^. 

For r, 5 6 Z>o with r\s we have the norm map N^,, : F^t — > ¥^r, which is surjective. 

Let F;. be the character group of F^, . Composition with when r\s, gives an injective map F,. — > F^. 

Let 

F = limFr 

— > 

be the direct limit of the F^ via these maps. The Frobenius automorphism Frob^ acts on F by y i-^ y*. The 
fixed group of Frob^ is the image of F^ in F, which, abusing notation, we also denote by F^. 
Let ^m(r) be the set of all maps A : F — > V which commute with Frob^ and such that 

|A| := J]|A(y)| = m. 

Set ^(F) := U«, ^m(r). Given A 6 ^„,(F) we let A' € ^„,(F) be the function with values A'(y) := (A(y))'. 

For y 6 F we let {y} be its orbit in F under Frob^ and d(y) be its degree (the size of the orbit). Given 
A 6 f m(F) we let m^ix be the multiplicity of (J, ?i) in A, where d 6 Z>o and ^ X^P. Le., 

m^,, :=#{{y}|J(y) = J,A(y) = i}; 
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for convenience we also set m^o = for all d. We will call the collection of multiplicities {m^ the type 
of A and denote it by t(A). We will write 

|t| := \h\ = Yj'^'i,Ad\X\. 



There is a canonical bijection A i-^ Xf^ between ^„(r) and the irreducible characters of Gn- Under 
this correspondence, the dimension of the irreducible representation associated to A is 

n 

i=\ [y] 

where the product is taken over orbits [y] o/Frob^ in Y and qy := cf^^\ 

Moreover, the value ofx\ on any central element ain with a 6 and /„ 6 G„ the identity matrix is 
given by 

XK{a) = ^^{a)xK{l\ (3.1.2) 

where 

AA = nr'''^'^'er,. (3.1.3) 

y€r 

In particular, note that;t'A(l) only depends on the type r of A; we may hence write it as;^T-(l). Let 

[y] d,A 



where r = t(A). Since 



we have 



\G„\ = ^2«("-') Y\(q' - 1) 

!=1 

(-1)"^^"'<K,,(<?) (3.1.5) 



where r' := t(A'). 

Remark 3.1.1. With the above description the Alvis-Curtis duality [[T], |l6l for characters of GL{n,F^) is 
simply given by A A'. In particular, as polynomials in q 



3.2 Counting solutions on the general linear group 

We now apply the results of S2.3l to G„ = GL(n, F^) using the results of ^3.11 We specialize (|2.3.7I) to this 
case and where z = aIn with a e¥^. In the resulting sum on the right hand side we collect all irreducible 
characters of the same type r and obtain 



\G„\ 




(3.2.1) 



22 



Our next goal is to compute the sum in the case that a is a primitive n-th root of unity. We will see that 
a tremendous cancelation takes place and only relatively few A's give a non-zero contribution. 
Assume then that F^, contains a primitive n-th root of unity ^„ and let 

Cr := J] Aa(^„) (3.2.2) 

r(A)=r 

To simplify the notation let 

Nn(q) •.= #{xuyu- ■ ■,Xg,yg e GL(n,¥y) \ [xuyi] ■ ■ ■ [Xg,ygUn = !}• (3.2.3) 
At this point we have in combination with (|3.1.5b 

T^Mniq) = YCr (q'2""'HAq)f ' ■ (3.2.4) 

Our next task is to compute we will find that is a constant times (q - 1), independent of the choice 
of In particular, this will show that A^„(^)/|G„| is a polynomial in q. 

3.3 General combinatorial setup 

To compute Q we will use the inclusion-exclusion principle on a certain partially ordered set. We first 
describe a slightly more general setup. 

Let / := {1, 2, . . . , m} and let 11(7) be the poset of partitions of /; it consists of all decompositions n 
of / into disjoint unions of non-empty subsets / = Ily/y ordered by refinement, which we denote by <. 
Concretely, n < n' in 11(7) if every subset in ;7r is a subset of one in n'. We call the I/s the blocks of n. 

The group 5(7) of permutations of 7 acts on 11(7) in a natural way preserving the ordering <; for 
p 6 5 (7) let 11(7)'^ be the subposet of 11(7) of elements fixed by p. 

For n 6 n(7) let J be the set of its blocks and write 7 = Uj^^jlj. It will be convenient to also think of n 
as the surjection n : I — > J that takes / to j where Ij is the unique block containing i. Then the blocks Ij 
are just the fibers of this map. For n 6 11(7)^ the blocks of n are permuted by p. Denote by p„ the induced 
permutation in S (J). 

Fix a variety X defined over F^^ and let (I,X) := X' he the variety of maps ^ : 7 — > X. We have a 
natural injection 5 (7) ^ Aut((7,X)). For p e S{I) we let (7,X)p be the twist of (I,X) by p. Its F^-points 
consists of the maps 

^:7^x(f,), ^op = Frob,o^ 

Also let (7, XYp c (7, X)p be the open subset of injective maps ^ : 7 — > X. 

For n 6 n''(7) we let (n, X)p c (7, X)p be the closed subset of maps ^ : 7 — > X which are constant on 
the blocks of n. (This notation is consistent with our previous one if we think of 7 as the partition where 
every block has size 1, the unique minimal element of Ii{iy.) There is a natural isomorphism 

in:{lX\^ {n,X)p 

Finally, we let {n,X)'p c in,X)p be the image of {J,X)'p^ under l„. Concretely, tt prescribes some 
equalities on the values of ^ : 7 — > X (it is constant on the blocks of 7) and ^ 6 {n, X)'p if and only if these 
are the only equalities among these values. It follows that 

{lX)p = uAn,X)'p, (3.3.1) 
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where n runs through the partitions in n(/)''. More generally, 

(n\X), = U,^An,Xy^, (3.3.2) 

for any n* e UiI)P. 

Now take X to be a commutative algebraic group over F,^. In particular, all the (n, X)p are subgroups of 
(I,X)p and i;r is a group isomorphism. Fix n e Z>o. Assume that there exists a character (p : X(F^) — > /i„ 
of exact order n. Let 

0:(/,X)p fin 



where 77 : / — > Z>() is compatible with p, i.e., rj o p = rj (or, equivalently, 77 is constant on the orbits 
of p) and = n. Then O is a well defined character on {I,X)p (the argument of (p is in X(¥q) by the 

compatibility of ^ and 77 with p). 

For TT 6 n(/)'' and j e J define J]„{j) := Tiieij It is easy to check that ?7;r is compatible with p^, i.e., 
■q^o p^ = rjj^ and also 2je/ Vnij) = Let O^j be the analogue of O for (J,X)p^ constructed using r]„. Then 

0, = Ooi,. (3.3.3) 
We will see in the next section that what we need is to compute the following sum 

5'(/):=_^0(a (3.3.4) 

where ^ runs over (/, X)^(F^). Thanks to (13.3.21) we can calculate S'(I) using the inclusion-exclusion 
principle on the poset n(/)'^: 

S'(I)= Yj l^p(^)SM, (3.3.5) 

where 

5(;r):=2o(a (3.3.6) 

f 

with ^ running over {n, X)p(F^^), and where fip is the Mobius function of n(/)''. 

The advantage of (13.3.61) over (13.3.41) is that it is a complete character sum and, hence, vanishes unless 
the character is trivial. Using (13.3.31) we get 

5(;r) = J]o,(a (3.3.7) 

with ^ running over (7, X)p^(F^). We can now factor S (n) as a product over the orbits of p„. Each factor is 
a complete character sum of the form 

^ o Nf,„/f,(^), 

1" 

where a and b are, respectively, the size and the common value of t]„ of the corresponding orbit of p„. 
Since (f has exact order n, by assumption, the character 1^^ o Nf^„/f<, is trivial if and only if n \ b; this can 
only happen if |7| = 1 because 2;e7 VnU) = and ?7;r(j) > 0. 
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It follows that S(n) = unless n is the trivial partition / = /, the unique maximal element in !!(/)''; in 
this case, Sin) = |X(F,^)| since (n,X)p(¥^) = X(F,^). In order to conclude the calculation we need to know 
the value of fip at the maximal element of 11(7)^. For simplicity denote this by fip. Its value was computed 
by Hanlon [|28ll . Abusing notation let p also denote the partition of m determined by its cycle structure and 
write it in multiplicity notation (r"i2"'- • ■ • ) where is the number of cycles of size d in p. Then we have 

_ _ / ti{d){-d)"^^-\md - 1)! p = (d"^") 

^p~\0 otherwise ' ^ 

where /i is the ordinary Mobius function. (To be sure, p = (d'"'') means that p consists only of m,/ cycles of 
size d for some d.) Putting this together with (|3.3.5I) we finally obtain 

_ / \X(¥^)\n(d)(-dr-\md - 1)! p = id'"") 

~ \ otherwise " ^^-^'^^ 

Note that the value of S '{I) does not actually depend on the actual character (p. 

Example 3.3.1. To illustrate the previous calculation consider the simplest case where p is the identity, i.e., 
assume the action of Frobenius is trivial. The situation is the following. Let X be a finite abelian group, 
if : X — > be a character of exact order n and (ni, . . . , n,„) be positive integers such that ni + ■ • ■ +n„ = n. 
Then (13.3.91) reduces to 

J]^(x';'---<;o = m(-i)'"-i(m-i)!, 

which is not hard to prove directly. 

3.4 Calculation of 

We now apply the general setup of the previous section to compute Cr. We start by describing all A 6 ^„(r) 
with a given type r. 

For each d e Z>o and A ePlet nidj be the multiplicity of (d. A) in r. Let 

:= ^ nidj, m := ^ m^, 

A d 

then the support of A, i.e., those y e F with A(7) 0, has size m. 

Let 7 := {1, 2, . . . , m} as in the previous section and fix an element p e S{I) whose cycle type has 
cycles of length d for each d e Z>o. Fix also a map 

V : 7 ^ ^ \ {0} 

which is constant on orbits of p, i.e., v o p = v, and such that for any A e P \ {0} and d e Z>o there are 
exactly md,A orbits of size d. 
Given an injective map 

^:7^r, ^op = Frob,o^ (3.4.1) 
there is a uniquely determined A e ^(F) satisfying 

A o ^ = V. 

To check that it is indeed in ^(F) note that 

(A o Frobg) o^ = Ao^op = vop = v = Ao^ 
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hence A o Frob,^ = A. Note also that by construction t(A) = r and 

n:=m = Yjdm,^AA = Y^Hi)\. 

d,A iel 

It is clear that every A e fni^) with t(A) = r arises in this manner is just a labelling of the support 
of A and v fixes its values) but typically in more than one way. More precisely, the assignment ^ A is a 
Zt to 1 map, where Zt is the order of the subgroup consisting of the elements of S (/) which commute with 
p and preserve v. It is straightforward to check that 

d,A d A 

Take now X = in the previous section. We may (non-canonically) identify Y with X(F^); then the 
injective maps ^ of (|3.4.1I) above correspond to the elements of (/, X)'p. Let : G,„(F^) — > n„ correspond 
to the order n homomorphism Fi — > /i„ given by evaluation at ^„ 6 F^. Let 77 : / — > Z>o be defined by 
ri{i) ■= |y(/)|. Note that 

2 r](i) = n. 

i 

Then if ^ corresponds to A as above we have 



0(a = Aa(^„) 



and therefore 

C. = -5'(/). 

Zr 



Hence by (IXlQl) 



Cr = -{ n^^rf,.!! P ' (3.4.2) 

otherwise 



independently of the choice of 



3.5 Main formula 

Let 

E„{q) := ^"^^^ . (3.5.1) 
"^^^ |PGL(n,F^)| ^ ' 

As we remarked at the end of l3.2l £'„ is a polynomial in q. To see this it is enough to plug in (13.4. 2|) into 
(13:241) . 

Theorem 3.5.1. The variety Al„/C has polynomial count and its E-polynomial satisfies 

E{MnlC;x,y) = E„{xy). 

Proof. From the definition (12.2.31) of tin it is clear that it can be viewed as a closed subscheme X of 
GL(n)^^ over the ring R := Z[^„, Note that we have extended the base ring in Remark [2.2.31 Let 
^ : i? ^ C be an embedding, then is a spreading out of 1/„/C. 
For every homomorphism 

<p:R^V, (3.5.2) 
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the image 0(^„) is a primitive n-th root of unity in F^, because the identity 

n-l 



guarantees that 1 - is a unit in i? for z = 1 , . . . , n - 1, and therefore cannot be zero in the image. (This is 
why we have extended our ring R from the one in Remark I2.2.3I ) Hence all of our previous considerations 
apply to compute #X^(¥q) = Nniq). 

On the other hand the group scheme PGL(n, R) acts on X by conjugation. We define the afline scheme 
J/ = Spec(i?[/Y]^°^*^"'^^) over i?. Because ^ : i? ^ C is a flat morphism [|63l Lemma 2] implies that J/ is a 
spreading out of Al„/C over R. 

Now take an F^-point of the scheme J/^, obtained from J/ by the extensions of scalars in (13.5.21 ). By 
Lemma 3.2] the fiber over it in X^(¥q) is non-empty and an orbit of PGL(n, F^). The same argument 
as in the proof of Theorem 12 . 2 . 5 1 show s that PGL(n, F^) acts freely on X^(¥,j). Consequently 

(V^- ^'^^^^^^ - -Ff ^ 

^^^^^ - #PGL(n,F,) ~ |PGL(n,F,)| ~ "^^^ 
Thus M„/C has polynomial count. Now the theorem follows from Theorem l6.1.2[ 3. □ 
Let us write 

k 

We also consider the following normalized version of E^ 

EM := q-^'-EM ■= J] (3.5.3) 

k 

a Laurent polynomial in Z[q, q~^]. 

It will be more convenient to work with the following modified quantity 

Vn(q) := EM = r^^EM) = q'''-''" \ .^1^5) ^ (3-5.4) 

(q - 1)^ (q - 1)^ (q - i)|GL(n, F,^)| 

(recall that J„ = dim(A1„) = (2^ - 2)n^ + 2). For ^ > this is a Laurent polynomial in Z[q, q~^]; for ^ = 
we have Ni(q) = 1 and N^iq) = for n > 1. In this case Vi = q/(q - 1)^ = 2]„>i nq" is a power series in 
Z[[q]] and y„ = for n > 1. Also E^ = Ei = I and = for n > 1. 

By the formalism of ^2.5l if we let 



V:=J]Vniq)T\ Vn(q)=:J]vlq\ 6 



n>i keZ 

then 



ii>l ke: 

Define 



Exp(y) = n n^^ - (^-^-^^ 

>1 keZ 

J]Eniq)r\ 



n>\ 
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and so by (13.5.41) 

^£ = V. (3.5.6) 

Taking Exp of (I3.5.6|) we get 

Exp(y) = Y\ Y\i^ - q''*^ ryj'l (3.5.7) 

;>>1 keZ 

The main result is the following 
Theorem 3.5.2. For every g >Owe have 

"^Mf^'^ T^''" = n n*^^ ~ q^-'^T'^r^'^'i (3.5.8) 

AeP j,n>\ keT. 

Proof. Take the logarithm of the left hand side and write the resulting coefficient of T" as Uniq)/n. Using 
the multinomial theorem we find that 

- = y](-ir-\m-l)\r[^^^^—, m=ym, (3.5.9) 

m,i A A 

where the sum is over all e Z>o satisfying 

Y^mAA\ = n. (3.5.10) 

A 

On the other hand comparing (13.5.91) with (13.2.41) after plugging in the value of Cr from (|3.4.2I) we 
obtain 

Vn(q) := - V Un/diq') fi(d). (3.5.1 1) 

An application of the (usual) Mobius inversion shows that 



Uniq):=J]dVn/,iq''). 



d\n 

We have then 



^ n r 



n>\ n,r>l 

which together with (I3.5.5h and (|3.5.7h imply our claim. □ 

The following is an immediate corollary of this result: 
Corollary 3.5.3 (Curious Poincare duality). 

E„(q-') = EM (3.5.12) 

Proof. Inverting q in (|3.5.8I) does not change the left hand side by (12.4.81) . Hence looking at the right hand 
side we see that e"^ = e'l, which is equivalent to our claim. □ 
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Remark 3.5.4. We should point out that the above duality satisfied by En is ultimately a direct consequence 
of the Alvis-Curtis duality (|3.1.1I) for characters of GL(n, F^). 

Corollary 3.5.5. The variety At„/C is connected. 

Proof. The statement is clear for g = 0, 1 by Example |2 . 2.11 and Theorem 12.2. 171 Therefore we can assume 
^ > 1 for the rest of the proof. 

Corollary 12.2.91 says that each connected component of A\„ has dimension J„. Thus the leading coeffi- 
cient of E{A\nlO, q) is the number of components of M„. By Theorem 13. 5. ll ^fAln/C: q) = E^iq), so it is 
enough to determine the leading coefficient of En(q). 

For this recall the definition of U„(q) from (13.5.91) . It is a Laurent polynomial in q. In order to determine 
its lowest degree term, we see that the lowest degree term of the summands in (|3.5.9I) are 

Lemma 3.5.6. The maximum of YjAi^^' ^) '^a under the constraint (13.5.101) occurs only when = 1 for 
A = (1") and mx = otherwise. 

Proof. To see this recall (12.4.31 ) that 

i 

Consider a point in the simplex A : 2; = > in R" with Yja ^a mi{A') coordinates equal to i. (Here 
mi(A') is the multiplicity of i in A'.) It now suffices to notice that the maximum distance to the origin on A 
occurs at a vertex. □ 

The lemma implies that the lowest degree term of U„(q) is nq'^^'^^"^ . Formula (13.5.1 II) now implies 
that the lowest degree term of Vniq) is q~^^~^''"~ . The definition (13.5.41) gives that the constant term of the 
polynomial Eniq) is 1. By (|3.5.12l) the leading term of E^iq) is q''". The Corollary follows. □ 



3.6 Special cases 

We first work out the E-polynomial of Mn when n = 1,2 from our generating function (13.5.81) . Evalu- 
ating (13.5.91) we get that Ui(q) = ^~^^~^^(1 - q)^^~^. A short calculation yields Ei(q) = (1 - q)^^, so by 
Theorem l3.5.1l 

E{MuX,y) = (l-xyf^, 

which is consistent with (|2.2.6I) . 

For n = 2 we again evaluate (|3.5.9I) to get 

substituting the hook polynomials (12.4.71 ) we get 

Using (13.5. Ill) combined with (I33l6l) . (13331) . and Theorem [3311 we get 
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Corollary 3.6.1. The E-polynomial of M2IC is 

E{M2lC;x,y) = E2{xy), 

where 

E2(q) = -y^'-'Kl - q)''-^ + (1 - qf'il - q^f'-^ + ^'^"'(1 - qf\l - q^f'-^ - ' - ^')''"'- 

It is also instructive to consider the special cases ^ = 0, 1 of the theorem in detail. For ^ = the 
identity (|3.5.8I) becomes 

X&9 j>l 

This formula follows from known combinatorial identities. Indeed 

s, = ± q'^'^HMT' 

where 5^ is the Schur function associated to X evaluated at = q^~^ (see [51 , 1.3 ex. 2] ) and 

HM) = \Y^-q') 

is the hook polynomial. Plugging in Xj = Tqj in the second formula of fST, §1.4 ex. 2] yields (|3.6.1I) . This 
agrees with our previous calculation: el = I for n = l,k = and zero otherwise. 
For ^ = 1 the identity (13.5.81) becomes 

(1 -q'-^'T'f 



yrw = nnn ^ ^ (362) 

Zj 111111 ci_ /7'+«-i ^"¥1 - r"V V • • / 

AeP n>\ r>0 .v>0 ^ ^ q ^ ) 

which by (|3.5.5I) simplifies to 



n>0 n>l 

where p{n) is the number of partitions of n (this is an identity of Euler). 

Remark 3.6.2. We deduce that V„ = I for all n, when g = I. Therefore E(M„/C";q) = (q - 1)^ and 
E{Mn/C";q) = 1. Because M,, is zero dimensional by Theorem 12.2. 121 it follows that yVt,, is a point (cf. 
Theorem [22171). 

3.7 Euler characteristic 

We now prove Corollary II. 1.1[ 

Proof. By (12.2.1 ID . the E-polynomial of M,JC is given by 

EiMn/C;x,y) = — tt^^- 

(xy- \ys 

By Remark [2. 1.6[ Theorem 13 .5.11 and Theorem 13.5.21 the Euler characteristic of M.„/C equals 

Nn{q) 



(^-l)2^|PGL(n,F,)| 
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(3.7.1) 

q=l 



We should point out that the rational function in q in (13.7.11) is actually a polynomial, the £'-polynomial of 
MJC. 

Li terms of V,, we get that (13.7.11) equals 



(3.1.2) 



q=l 



We certainly have that {q - 1)" divides 'Hxiq) for partition A of n. Hence, in the notation of the proof 
of (13.5.81) {q - l)(2§-2)« divides Un{q) (note that by assumption 2g-2>Q) and it follows from (13.5.111) that 
{q - 1)2^-2 divides Vn{q). 

We now see that the only contribution in (13.5.1 II ) to (13.7.21) can come from the term d = n and 



Vn{q) 



(^-1)2^-2 



n{q - 1)2^^-2 



q=\ 



But Uiiq) = (q- 1)2^ 2 since 'H(i)(q) = ^ - 1 for the unique partition (1) of 1. We conclude that the Euler 
characteristic of M„/C is iu{n) n^^~^ finishing the proof. □ 



3.8 The untwisted case 

From the above calculation we may now actually deduce the number of solutions to the untwisted equation 
(see Remark 12.3.31) 

#Hom(rg,GL(n,Fg)) := #{xuy\, ■ • 6 GL(n,F^) | {xuy\\ ■ ■ ■ Ug^Jg] = !}• 

Assume ^ > since otherwise Yg is trivial. We prove 

Theorem 3.8.1. IfYg = 7ri(2) is the fundamental group of a closed Riemann surface of genus g> then, 



using the formalism of ^2.5\ we have 

(3.8.1) 



Z#Hom(r„,GL(n,F„)) „ ( (v~' , t t m 
-^-^ T" = Exp (q - l)Log y 'HAiqf'-^ 



n>0 



Remark 3.8.2. This gives an explicit formula for the number of representations of 7ri(S) to GL{n, F,^). The 
asymptotics for these numbers as n tends to infinity has been studied in [i49ll . 



Proof. One way to express the main formula (|3.5.8I) is in terms of zeta functions of colorings as in ["611, 
whose notation we will follow. We consider colorings on X = G„, with values on partitions and weight 
function 

We recognize the left hand side of (13.5.81) as Zc(«, q, T) with this setup. Hence the main formula (|3.5.8I) 
can be written (in the notation of S2.5I) as 

Log (Zc(«, q,T)) = V = Yj Vniq) T\ (3.8.2) 



n>\ 



Similarly, by (lIXSl) and (ISTSl) we find that 



#Hom(r„,GL(n,F.)) „ 
Zc{Gm, q,T)=y — r . (3.8.3) 

^ ^ ^(^;-i)n2|GL(n,F^)| 
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In particular this implies that 



#Hom(rg,GL(n,Fg))/|GL(n,F^)| 6 Z[q] if g > 

since W{A) is a Laurent polynomial. This is consistent with the observation at the end of Remark 12.3.31 
that for ^ > |G| always divides #Hom(rg, G). 

Using formula jMl (24)] we deduce from (13.8.21) that 

Log (Zc(G„„ q, T)) = {q-l)J^ Vn(q) T\ 

n>\ 

If we take Exp of both sides we get 

ZciG^,q, r) = Exp((^ - i)y). 

This proves (13.8.11) assuming that contains a primitive n-th root of unity. However, as we pointed out, 
the coefficients on the left hand side of (|3.8.1I) are Laurent polynomials in q so the statement is true for all 
q. The Theorem follows. □ 



4 Mixed Hodge polynomial of Mn 

4.1 Cohomology of Mn 

In this section we take K = C. According to Theorem [2212] //*(A1„) = H*{Mn) ® H*{Mi), where 
All = {Cf«, and the factor H*{Mi) is generated by Ig degree 1 classes e, e H^iC'f^) for j = 1, . . . , 2g. 
By slight abuse of notation we use the same notation for the corresponding classes in ej e H^{Mn) for 
7 = 1, •••,2^. 

To get more interesting cohomology classes on M„, we construct cohomology classes in H*(Mn) = 
H*(M'y'" . We construct a differentiable principal bundle over A1', x E by following ^43^ . Let G = 
PGL(n, C). Any p 6 1/^ induces a well-defined homomorphism ni(l.) G. Let S be the universal cover 
of Z, which is acted on by ;ri(S) via deck transformations. There is then a free action of n\(L) x GL(n, C) 
on GxHA'^xt given by 

{p,g) ■ (h,p,x) = (gp(p)h,gpg'\ p ■ x), 

where g denotes the image of g in G. This action commutes with the action of fj^^ on ti'^. The quotient 
is the desired (/i^-^-equivariant) principal G-bundle on M'„, which we denote by U. Like any principal 
G-bundle, it has characteristic classes C2(U), . . . , c^CU), where C;(U) e i/^'(A1', x In terms of formal 
Chern roots ^k, c; can be described as the ith elementary symmetric polynomial in the - ^, where ^ is 
the average of the ^k- In particular ci = 0. 

Now let cr 6 H^(E) be the fundamental cohomology class, and let ei , . . . , be a standard symplectic 
basis of H^(S) . In terms of these, each of the characteristic classes has a Kiinneth decomposition 

c,(U) = ai(T +/3i + Y, '^ijej, (4.1.1) 

7=1 

defining classes a,- 6 H^'-^(M'„)'^- c H^'-^{Mn), /3i e H^'iM'J''"' c H^'iMn), and tffij e H^'-\M'„)'^- c 
H^''\M„) for / = 2, . . . , n. In tSOJ Markman proves that 

Theorem 4.1.1. The classes ej; a,-, and fit generate H*{Mn)- 
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Construction 4.1.2. For what follows we need the following construction. Let f : Y ^ X, x e X and 
F = f~^{x). Then we have the following commutative diagram 

H'{Y) H'(F) H'^\Y,F) H'*\Y) 

r T r T 

H'*\X,x) 'i H'^\X) 

Here the first row is the cohomology long exact sequence of the pair (Y, F). The second row is the coho- 
mology long exact sequence of the pair {X, x), the map i*^ is an isomorphism for the map H'{X) H'{x) 
is always surjective. Finally q* = : H''^^(X) H'^^{Y,F). By the commutativity of the diagram 

q* induces a map ker(/*) ker(/p = im(d) = coker(/p. We denote the resulting map 

cr^ : ker(/*) coker(/^). 

We can also give the map cr in terms of cochains. Let x e C''^\X) be a cocycle. Then f*(x) will be a 
cocyle in C^^^Y) vanishing on F. if [x] e ker(/*) then f*ix) is exact. Let y e C'{Y) be a cochain such that 
dy = f*(x). Let 3; = i*p.(y) . Then dy = i*p(f*(x)) = 0, so j is a cocycle. We can define cr([x]) = [y]. 

Example 4.1.3. When / is a fibration the map cr is called the suspension map (see ['52', §8.2.2 page 298]). 
When the fibration is the path fibration of the space X then Y = PX is the based path space and so 
contractible, while F can homotopically be identified with the based loop space QX. In this case the 
suspension map cr : H^'^^{X) H\OX) can be identified with the map cr = p^ev*, where ev : xQX X 
is the evaluation map and p : x QX Q.X is the projection. A particular case of the path fibration is 

the universal bundle: n : EG — > BG for a connected G complex linear group G. Here G ~ Q.BG and 
EG ~ PEG. The suspension map then is a map o-"" : H'*\BG) H'{G). 

Remark AAA. We will also need an equivariant version of this construction. If we assume that G is a 
topological group, which acts on (X, x) and 7 in a way so that / is equivariant, then we have the same 
diagram and construction above in equivariant cohomology. This way we get the equivariant map 

cr^ : kerG(;r*) cokerG(z^). 

In particular, G acts on itself by conjugation and consequently on BG and EG making the fibration n 
equivariant. We will then have the equivariant suspension map 

CT^a : H'^\BG) ^ H'^iG). (4.1.2) 

Lemma 4.1.5. When X, Y are complex algebraic varieties and f is algebraic then ker(/*), coker(zp have 
natural mixed Hodge structures, and cr preserves it. Additionally if a complex linear group G acts on 
{X, x) and Y so that f is equivariant then kerdf*), cokevQ(i*p) have natural mixed Hodge structures, and 
crc preserves it. 

Proof. Deligne in |l9l Example 8.3.8] constructs a mixed Hodge structure on relative cohomology, and 
shows in [9, Proposition 8.3.9 ] that all maps in the cohomology long exact sequence of a pair preserve 
mixed Hodge structure. The first statement follows. 

For the second statement Deligne constructs in [9, Theorem 9.1.1] a mixed Hodge structure on H*{BG), 
by considering a model for BG as a simplicial scheme. Similarly one can construct the Borel construction 
X Xg eg as a simplicial scheme, which will give a mixed Hodge structure on H^(X) = H*{X EG) see 
C-g- 113 • Then we see that all maps in the equivariant cohomology sequence of a pair preserve mixed 
Hodge structures. In turn we get that ctg too preserves mixed Hodge structures. □ 
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Definition 4.1.6. We say that a cohomology class y 6 H'(X) = H'(X, Q) or 7 6 H'(X; R) has homogenous 
weight k if its complexification satisfies y*^ = 7 (8> 1 6 W2kH'(X)'^ n F''H'(X; C). 

Remark 4. 1 .7. Note that if 7 e H\X) and e Wi^ n F"' with 2m > / then Grf^ n F"' n = by (12X11) 
and 7^ = 7^ imply that 7*^ e ^f-i- By induction we have 7 = 0. Thus we get that 

if 7 6 H'{X) has homogenous weight k and 7*^ 6 F'''*^' or 7 e W^2/t-i then 7 = 0. (4.1.3) 

In particular, a non-zero cohomology class cannot have diff'erent homogenous weights. Moreover as the 
cup-product preserves mixed Hodge structures by Theorem 12. 1.2131 we have that if 71 has homogenous 
weight /i and 72 has homogenous weight I2 then 71 U 72 has homogenous weight Zi -I- 12. In particular we 
see that if the cohomology H*{X) of an algebraic variety is generated by classes with homogenous weight 
then the MHS on H*{X) will be of type {p, p) i.e. 

WiH*{Xf n F"'H*(X; C) = 0, when 2m > /. (4.1.4) 

Namely ifOi^x = Y.kak + ih 6 WiH*{Xf n F"'H*{X; C) with a^, bt e H*{X; R) homogenous of weight k 
then we can consider k^in '■= vcimk{ak+ibk + 0} and k„iax = maxi,{ak + ibk 0} and get m < ^ ^max ^ 
from (14X31) . 

Finally for a complex algebraic map f :X ^ Y the map f* : H*(Y) ^ H*{X) preserves mixed Hodge 
structures, we have that if a e H*{Y) has homogenous weight / so does f*(a). 

Now we determine the weights of the universal generators. First we know from (12.2.61) that the ho- 
mogenous weight of ej is 1. To determine the weight of the rest of the universal classes we will use 
Jeffrey's Il43l group cohomology description of them as interpreted in [|4l l54ll59l . 

We note that [|43l IH |54l |59l work with the compact groups SU(n), however the arguments are correct 
with complex groups too. Another way to see that Jeffrey's formulas (14.1.51 ) , (14.1.61 ) and (14.1.71 ) for 
the universal classes are valid for G := SL(n,C) is to note that Lemma |4. 1 . 1 21 below implies that the 
natural inclusion map of the twisted SU(n)-character variety into the twisted Sh{n, C)-character variety 
A1', induces an isomorphism on (/i^^ -invariant) cohomology below degree 2{g - l)(n - 1) -I- 2. Now 
2{g - l){n - 1) -I- 2 is larger than the degree of any universal class, except possibly of /3„ (which has 
degree 2n), when g = 2. However Jeffrey's formula for /3„ is trivially correct for the complex character 
varieties as we will see below. Another difl^erence in our application of [|43l IH |54l |59l is that we work on 
the level of cohomology instead of diff'erential forms or cochains, but our cohomological interpretation of 
[|43l l4l l54l l59l is straightforward using the last paragraph in Construction |4X2| 

The easiest is to determine the weight of the /3j.. By their construction fik = CkCU\M'„x{p]) are the Chem 
classes of the differentiable PGL(n, C)-bundle U constructed above, restricted to M'^ x {p}, where p is a 
point on 2. It is straightforward to identify V\m'„x{p] with the G-bundle jf^ : l/,*^ M'^ in (12.2.131 ), thus 

/3t = ct{K)- (4.1.5) 

Now ;r,', is an algebraic principal bundle, therefore its Chern classes are pulled back from H*{BG) by a 
complex algebraic map. It now follows from [|9l Theorem 9.1.1] that the homogenous weight of /3k is 
indeed k. 

We next determine the weight of the i/r^^.y. Let ct 6 H^{BG) be the ^-th equivariant Chern class of the 
G-equivariant bundle n : EG ^ BG. Clearly H*^{BG) = H*{B{G G)), where (p : G ^ Aut(G) is given 
by conjugation. By [9, Theorem 9.1.1] q has homogeneous weight k. Using the map (14.1.21 ) we construct 
the class 77^ = (Tg(q) e H^~^{G). It follows that 77^ has homogenous weight k. Let pj : G^^ ^ G be 
the projection to the 7th factor, which is equivariant with respect to the conjugation action of G. Thus 
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p*j(r]^) e '(G^^) has homogenous weight k. If / denotes the G-equivariant embedding of 1/', into G^^, 
then we have that i*p*iri'^) e H^~^(p) has homogenous weight k. Now [i59l Theorem 3.2] implies that 

^kj = i*P*(4) 6 H^'~\K) = H''~\M'„). (4.1.6) 

Thus ij/kj has homogenous weight k as claimed. 

To calculate the weight of ak we recall Construction 14.1.21 for the case Y 
X = ^„/„ e G. Then F = 1/^. This gives a map ctg : kerdn*) cokercifp) 
Lemma 2.4] that 

77S€kerG(;r*)c//f-i(G) 

and also by ['59'. Theorem 3.2] that 

o1ji4) = p(at), (4.1.7) 

where 

p : //^*^-'(1/;) ^ coker2^-2(/^) 

denotes the projection. We know that the homogenous weight of 77^ is k and so p(at) has homogenous 
weight k. By the previous paragraph im{i*p) c HqCU'j) = H*(M'J is exactly the subring generated by the 
and fik for k = 2, . . .,n and j = 1, . . . , 2^. This shows in particular that p is an isomorphism when 
k = 2. Thus the homogenous weight of 02 6 H^{M'J is 2. 
We summarize our findings in the following 

Proposition 4.1.8. The cohomology classes ej have homogenous weight I, while i/ftj,fik have homogenous 
weight k. Finally a2 has homogenous weight 2 and p{ak) 6 coker^''"^(zp have homogenous weight k. 

Remark 4.1.9. It is most probably true that at has homogenous weight k even for k > 2, the result for 
p(ak) however will suffice for our purposes. Here we show that p(ak) 0. By the previous paragraph 
im(zp c //^(1/^) = R*{M^ is exactly the subring generated by the i/r^-j- and fit for k = 2,...,n and 
j = I, . . .,2g. Because the degree of a^. is 2^ - 2 < 2n - 2 < 2{g - l)(n - 1) Lemma |4. 1 . 12l below implies 
that at i 'vcci(i*p) i.e. p(ak) + 0. 

Corollary 4.1.10. The pure part PH*{Mn) = ®kWkH^{Mn) is generated by the classes fii e H^'{M„)for 
i = 2, . . . ,n. 

Proof. The previous Proposition shows that among the i/^,;y and jS, only the classes yS, 6 H^'(M„) are pure 
classes, i.e., have pure homogenous weight i. This shows that the pure part of the subring im(/*F) c 
HgCU'j) = H*{M'„) they generate is generated by the yS, classes. Moreover the /z^^ -invariant part of 
cokerG(/p is generated by the classes />(«,) none of which has pure homogenous weight. Thus the pure 
part of H*(M'jy" = H*{M„) is generated by the classes yS,. By Theorem [2 . 2 . 1 21 the result follows. □ 

Corollary 4.1.11. The cohomology ofMn is of type (p,p) , i.e., h''''''-^{Mn) = unless p = q. In particular 
H{Ai„; X, y, t) is a polynomial in xy and t. In the notation of (12.1.31) 

//(M„; X, y, t) = H{Mn\ xy, t). 

Proof. By Remark 14.1.71 and Proposition 14.1.81 we know that both the //^^ -invariant part of cokerG(zp, 

2g 2g 

which is generated by the classes piai) and the subring im(zp c //^(1/^)^" = H*{M',^Y" generated by the 

yS, and ijji-j have MHS of type (p, p) in other words (l4T4l) holds. Thus H*{M'„Y^' = H*{Mn) has MHS of 
type {p, p). By Theorem [2XT21 so does II*{M). □ 



= G^^ X = G,n = p' and 
. Now it follows from |l59l 
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Lemma 4.1.12. There are no relations among the universal generators in the cohomology ofH*(Ai'„) until 
degree 2{g - - 1) + 2. 

Proof. This follows from the same statement for the twisted SU(n) character variety, which in turn follows 
from [121 (7.16)]. □ 



4.2 Main Conjecture 



Recall the definition of the Ha from (12.4.101) and its properties thereafter. 
Let Un(z, w) be defined by 



log 



As in (13.5.91 ) we find that 



A 



where the sum is over all 6 Z>o satisfying 



^ = n. 



(4.2.1) 



(4.2.2) 



Expanding Un(z, w) in Laurent series in z, w ' as in (|2.4.13l) we see that the leading term in w ^ of the 
summand is 

UAmA^ 



From Lemma [3.5.6| it follows that the leading term of U„mw ^ is nw^^^ 
Let 



V„(z,w) := - yu(d)Unj,(z',w'). 



By the formalism explained in S2.5l we know that 



J] w) = exp Yj ^n{z\ w') — 



\k,n>l 



From our previous calculation we deduce that the leading term in w ^ of is w^^^ ^^"^ 
Let also 

Hn{z,w) :=(z'-l)(l-w2)y„(z,w). 



Both Vn and //„ are rational functions of z and w. We should remark that by (12.4.1 II) we have 
and therefore 

Hni^fqAI ^Jq) = En(q). 



(4.2.3) 



(4.2.4) 



(4.2.5) 



(4.2.6) 
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From (12.4.121) we deduce that 

Vn{w, Z) = Vniz, W), y„(-Z, -W) = Vniz, w) 

and 

Hniw,z) = HniZ,w), Hn{-Z,-w) = Hn{Z,w). (Al.l) 

We expand V,, and H as Laurent series in z, 1/w 

i>k,j>0 i>-d„J>Q 

where /q = -(^8 - 2)n^ and hence iq - 2 = = - dim(A1„). Our calculation of leading terms implies 

— n 

that j = \ for j = and is otherwise. 

In terms of these coefficients we can write our generating function as the infinite products 

A n>l i>k,j>Q 

= Y] Yl n (1 - 2^'^^vv-(2'^') r")-^^ (4.2.8) 

fi>l r>0,.s>0 (>-c/„,;>0 

Our main conjecture is the following 
Conjecture 4.2.1. 

H(M„; q, t) = (t ^Y"~Hn I V^, j . (4.2.9) 

Remark 4.2.2. In view of (14.2.61) and (14.2.71) Conj ecture 14 . 2 . 1 1 i s true specialized to ? = -1 as it reduces to 
(133:81) . 

Because of the second identity in (|4.2.7I) and because d„ is even by Corollary |2.2.9[ we have that the 
RHS of (14.2.91 ) is actually a rational function in q. The geometric Conj ecture 14.2.11 implies the following 
combinatorial conjectures 

Conjecture 4.2.3. 1. H„{z, w) is a polynomial in z, w. 

2. The coefficients (-lyhj j ofH„{z, -w) are non-negative integers. 
In light of (14.2.71) . our main Conjecture 14.2. 1 1 implies the following. 
Conjecture 4.2.4 (Curious Poincare Duality). 

H |m„; ^, ?j = (qtr'-'HiMn, q, t) 

Remark 4.2.5. When t = -I, this formula specializes to the known Corollary 13.5. 12[ 
Remark 4.2.6. On the level of mixed Hodge numbers this conjecture is equivalent to 

y''P*{Mn) = h''"-P'''"-P-''"^''-^P{Mn). (4.2.10) 

Because M„ is non-singular, hP'P*(M„) = for 2p < k. Dually (14.2.101) impfies that hP'P*{Mn) = 
for k > dn- The vanishing of the cohomology of A1„ above middle dimension can be deduced from the 
fact that A\n is diff"eomorphic to the space of twisted flat GL(n, C)-connections on the Riemann surface S, 
which is a Stein manifold with its natural hyperkahler metric [[411 . 

In particular (14.2.101 ) implies that the pure mixed Hodge numbers hP'P'^P{A\n) should be curious Poincare 
dual to h''"'P'''"'P'''^"{Mn), i.e., to the mixed Hodge numbers of the middle (top non- vanishing) cohomology 
of M„. 
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Finally we have a geometric conjecture which would imply the above curious Poincare duality. Define 
the Lefschetz map L : H'{Mn) H'^^^iMn) hy x a U x, where or = is the universal class in H^{Mn) 
defined in (I4.1.1I) . As it respects mixed Hodge structures by Theorem I2.1.2I3I and a has homogenous 
weight 2 by Proposition 14. 1.81 it defines a map on the graded pieces of the homogenous weight filtration 

Conjecture 4.2.7 (Curious Hard Lefschetz). Recall that d„ = dim(A1„) = (n^ - l)(2g - 2). Then 



is an isomorphism. 



Remark 4.2.8. Here we prove a consequence of this conjecture. As A1„ is an orbifold and the non-trivial 
weights in the weight filtration on H*(M„) are even by Proposition 14. 1.8[ we have that for < ^ < J„/2 



Conjecture 14.2.71 says that the map 

L'^^ ■■ Grl^,,_,.H'"l'^\Mn) - Grl,,,,,.H'-'l'-'^-\Mn) 
is an isomorphism. This implies that 

: Grl_,,_,.H'"l'-\Mn) ^ Grl,,,_,.H'"l'-\Mn) 
is injective. Thus Conjecture 14. 2.7l implies that the map 



is an injection. This statement follows from [3T, Corollary 4.3] (cf. also pT, Remark 4.4]) when applied 
to the moduli space of Higgs bundles diffeomorphic to A1„. 

4.3 Special cases of the main conjecture 

First we verify the cases of n = 1, 2 of Conjecture 14.2.11 From (14.2.31) and (14.2.11) 

iz - wf« 

Vifew) = Ui{z,w) = — — — -. 

(z^ - 1)(1 - w^) 

Bv (14231) _ 
Thus Conj ecture 14 . 2 ■ 1 1 implies 



2g 



H,{Muq, t) = {t V^)2^ I + ^ j = (1 + tqf^. 



which checks with (12.2.61) . 
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From (14.2.11) we have 

Combining (l4X3l) . (12.4.101) and (14331) 

, 1 {z-wf« {z^ -wf«{z-wf^ {z-w^f«{z-wf« 1 {z^-w^f^ 
H2(z,w) = --— — + — — ^ — + 



2(z2- 1)(1 -vt;2) (^4_ 1)(^2_^2) (22_^2)(1 _^4) 2 + 1)(1 + w^) 

Substituting z = yfq and w = we see that Theorem ll.l.3[ proved in §15. 2[ is equivalent to Conjec- 
ture |421] for n = 2. 

Next we consider the special cases of g = 0, 1. For g = we have A1„ is a point for n = \ and is empty 
otherwise. Hence 

1 n = l 

otherwise 



H(Mn;q, t) = 
and according to the conjecture (14.2.11) we find 



1 n = l,i = j = 



—n 

h - ■ -~ , 
'-J otherwise 



hence, after replacing z^ by z and by w, we should have 



In fact we can prove this identity. 
Theorem 4.3.1. The identity (14.3.11) is true. 
Proof. We know from IHl Thm 3.10 (f)] that 

Zj n(w'-z«+i)(z"-w'+o ~ ,^ n(i -v^'o' '■'^■■^■^^ 

|/(|=n |/(|=n 

where /i = a + / + 1 is the hook length. On the other hand we know IISTl 1.3 ex. 2] that 



sa{\,x, x^ . . .) 



x 



.n(A) 



0(1 -x'') 

where sx is the Schur function and hence 

,,a,iMiM...) = ^^^. 

Summing over all n we then find 

A A 

and by Cauchy's formula lISTl I (4.3)] this equals the right hand side of (14.3.11) . □ 
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Now let us consider the case ^ = 1. We have that Al„ - x for all n (see Theorem l2.2.17l) . Hence 

H{Mn\q,t) = (1+^0^ 
and according to Conj ecture 14 . 2 . 1 1 we should have 



Hn{z, w) = {z- wf, n 6 Z>o. 



Consequently Conj ecture 14.2.11 implies 
Conjecture 4.3.2. The following identity holds 



yn ^- ri'*' = nnn ^ — (433) 

' n>\ r>0 s>0 



Remark 4.3.3. The conjecture is a purely combinatorial one. The specialization z = y/q,w =1/ ^/q is 
essentially Euler's identity which we already encountered in (13.6.21) . We also prove below in Remark l4.4.3l 
the specialization z = 0,w = ^Jq. 

We have checked (14.3.31) numerically up to the terms. For this it is more convenient to write in its 
additive form (14.2.41) 



\2 



i)(i -w2^)(i -r^) k 



A ' \k>\ 

and check that the coefficient of on both sides (as rational functions in z, w) agree. 



4.4 Purity conjecture 

Theorem 4.4.1. Let A^iq) be the number of absolutely indecomposable g-tuples ofnbyn matrices over 
the finite field ¥q modulo conjugation. Then 

Hn{0,yfq)=A,M) (4.4.1) 

Proof. It is immediate to verify that 

"^^^0, V^) = 1-7--, (4.4.2) 

bAi^lq) 

where bx{q) = n!>i(l - ^) • • • (1 - q'"') with m, is the multiplicity of / in A. 

It follows that the left hand side of ( 14.2.81) for z = 0, w =^[q equals the left hand side of Hua's formula 
Il42l Theorem 4.9] for the Sg quiver. On the right hand side we get 



n>\ r>OA>-d„ 



(note that /z, o = for / odd thanks to (12.4.121) ). By the formalism of (|2.5.7I) we may rewrite this as 

n>\ r>0,i<d„ 

Comparing with the right hand side of Hua's formula we deduce that /z-2i,o = proving our claim. □ 



40 



Remark 4.4.2. Combining Theorem 14.4. II and Conj ecture 14 . 2 . 1 1 is what we call the purity conjecture: the 
pure part of the mixed Hodge polynomial of the character variety A1„ is the reverse of the A-polynomial of 
the quiver Sg (a vertex with g loops) with dimension vector n. By a result of Kac [45J A„(^), and therefore 
also //„(0, y^), is a polynomial in q, which is implied by part (1) of Conjecture 14. 2. 3 [ Then Part (2) of 
Conj ecture 14.2.31 implies non-negativity of the coefficients of An{q), which is conjecture 2 of Kac ll45l for 
the Sg quiver with dimension n at the vertex. Since Sg with this dimension vector is divisible (for n > 1) 
the conjecture is still open (the indivisible case was proved in [5J ). To summarize this discussion we 
can claim: the purity conjecture implies Kac's [45, Conjecture 2] for the quiver Sg. In ll35l a detailed 



discussion, motivation and the origin for this and more general purity conjectures will be given. 

Remark 4A.3. For g = Theorem 14.4.11 implies that Hua's formula [l42l (5.1)] is the specialization of 
(14.3.11 ) at z = 0. On the other hand, for ^ = 1 the theorem shows that Hua's formula [,42. (5.2)] is the 
specialization z = 0,w = ^/q of our conjecture (14.3.31) . 

Proposition 4.4.4. For all n,g>Owe have that divides A„(q) and 

Aniq) 



q{g-\)n+l 



q=0 



Proof. This is a consequence of Hua's formula but for convenience we will express the result in our 
notation using (14.4.11) . For a partition A of n > we have from (|4.4.2I) 



•K,(0, V^) = 

where 



n,>,(^-l)(^2-l)-- •(?'"' -!) 



m 

;>1 



m,- + 1 
2 



with m, = m/(/l) the multiplicity of i in A. Among all partitions A of n the exponent {g - 1){A, A) + m of 
q takes its minimum value {g - l)n + 1 only for A = (n). In particular, q^s-^)n+^ divides 'Hx{0, ^^fq) and, 
moreover, 

'K(„)(0, V^) 



After some calculation we find that 



K(0, V^) 



= -1. 

= -1, 

q=0 



which combined with (14.2.51) proves our claim. □ 

Remark 4.4.5. One consequence of Proposition 14.4.41 is that the purity conjecture or more generally our 
main Conjecture 14.2. 1 1 implies, that the largest non-trivial degree of PH*{Mn) is 2{g - l)n(n - 1). Inter- 
estingly, [12, Theorem 7 and Proposition 9] proves the same about the "pure ring" of the twisted U{n)- 
character variety A/,f , i.e., the subring generated by the classes /3k- This and the known situation for n = 2 
(see the next section) indicates that the "pure ring" of A/,f maybe isomorphic with PH*{Mn). An inter- 
esting consequence of this would be that the "pure ring" of Nf, is independent of d, unlike the whole 
cohomology H*{Nf^), which does depend on d. Finally, combining the reasoning above with the purity 
conjecture suggests that the "pure ring" of could also be used for a cohomological interpretation of the 
A -polynomials An{q), implying [45. Conjecture 2] for the Sg quiver. 
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Remark 4.4.6. If we combine the purity conjecture with Remark l4.2.6l we get that the middle cohomology 
of M„ should have dimension A„(l). We list below the formulas for the value of A„(l) for n = 2,3 and 4 
as a polynomial inx = ^.g -2 obtained by computer calculations: 



A2(l) = 

^3(1) = + 

2 , 5 , 17 
A4(l) = 3^ +2^ 



It is known that the middle cohomology of M2 has dimension g = ^(2g-2) + 1 by [|4T]| and that the middle 
Betti number of AI3 is 2g^ - g = ^(2g - 2f + \{2g - 2) + 1 dimensional fllSl. For « > 4 the middle Betti 
number of A1„ is not known. However one can say something about the leading coefficient of A„(l) as a 
polynomial in;^'. In the above formulas it is (a proof of this fact will appear elsewhere). One can also 
guess the leading coefficient of dim//''"(A1„) as a function of x = 2g - 2. The dimension dim H''"{M„) 
is exactly the number of fixed point components of the natural circle-action on the corresponding moduli 
space of Higgs bundles. These fixed point components are not well understood in general, but one class of 
fixed point components, the so-called type (l,l,...,l)is well understood (see the proof of [[391 Proposition 
10.1]). Their number turns out to be a degree n-l polynomial inx with leading coefficient -^ryy^ which is 
the volume of a certain skew hypercube, given by inequalities dictated by the stability condition for Higgs 
bundles of type (1,1,..., 1), which appear in the proof of [39, Proposition 10.1]. As the rest of the fixed 
point components are expected to be counted by a polynomial in;^ of degree less then n-l, the quantity 
■^-^ should be the leading coefficient of dim H'^"{Mn), in agreement with the prediction coming from the 
above conjecture. 



4.5 Intersection form 

Another consequence of Conj ecture [4 . 2 . 1 [ and Proposition [4.4.4[ is that the dn (=middle) dimensional co- 
homology of Mn does not have pure part. This implies the following 

Corollary 4.5.1. Conjecture \3.5.2\ implies that the intersection form on Hf'{Mn) is trivial. Equivalently 
the forgetful map H*(Mn) H*(M„) is 0. 

Proof. Conj ecture [3 . 5 . 2[ and Proposition |4A4] implies that there is no pure part in H''"(JV[„), consequently 
all the non-trivial weights in the weight filtration are > dn. Now Poincare duality ([2.1.2[) implies that 
Hf'iMn) has no pure part either; consequently all the non-trivial weights in the weight filtration < <i„. 
However Theorem [2 . 1 . 3 1 1 [ show s that the map preserves the weight filtration. This 

proves that the map has to be 0. □ 



5 Mixed Hodge polynomial of M2 

5.1 Cohomology ring of M2 

Here we compute H(M2',q,t) by using the explicit description of the ring H*{M2) given in [[371 [38l[ . 
According to [|37l[ the cohomology ring H*(M2) is generated by classes 6; 6 H^(M2), tpi & H^(M2) for 
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/ = 1, . . . , 2g and € H'^iMi) and p e H'^(M2). In the notation of (I4.1.1D a = 0-2, lA; = <A2,; and /3 = /?2. 
The paper |[38ll then proceeds by determining the relations in these universal generators. The result is as 
follows. 

Let r be the group Sp(2g,Z). Let A^(i/r) be the ^th exterior power of the standard representation of 
r, with basis 1/^1, ... , tff2g. Define the primitive part A'^(ilf) to be the kernel of the natural map A*(i/f) 
A}^^^~^{il/) given by the wedge product with y^'^^~^, where y = 2 Yfi=i ^i^in ■ The primitive part is comple- 
mentary to yA''~^(iff) c A*^(i/^), and is an irreducible representation of Y: this is well-known for Sp(2g, C), 
and so remains true for the Zariski dense subgroup Y. Consequently, 

dim(A^W)= f/)- (5.1.1) 

For any g,n > 0, let /,f be the ideal within the polynomial ring Q[a,/3,y] generated by 7^^' and the 
polynomials 

mm(r,s,g-t) ^^^y 



V / -M ^ ^^^^ 1 ^^ 



where c = r -1- 3 5 -1- 2f - 2^ -1- 2 - n, for all r, 5, ? > such that 

t<g, r-h35-h3?>3^-3-hn and r + ls ^lt>lg-l + n. (5.1.3) 
The following is then the main result of [3 8 J . 
Theorem 5.1.1. As a Y-algebra, 

( s 



H\M2) = A{e) ' 



0A^(^)®Q[a,Ar]//r' 

V k=0 



Proof. There is a slight difference in the classes p"f, in (15.1.21) and the classes p^^. , in [[38]| . In [|38]| the 
sum for i is between and min(r, s, c). First of all c is unnecessary in the min because 5 < c by the third 
inequality in (15.1.31) . Second difference is that in (15.1.21) we have the sum going from to min(r, s,g - t). 
So the relations are slightly different, here any monomial which is divisible by 7^^' is left out. However 
as 7^"^' 6 In the two sets of polynomials generate the same ideal. □ 

Remark 5. 1 .2. We note that the has the following additive basis: take all classes p"f ^ satisfying (|5.1.3I) 
and monomials of the form a''fi^y' with t > g. It is an additive basis because their leading terms in the 
lexicographical ordering additively generate an ideal. 

For the calculation of the mixed Hodge polynomial of M2 we only need to know that a monomial basis 
for Q[a,/3, y]/!^''' is given by a''fiy, for 

0<r,0<s,0<t<g' and ( r + 3s + 3t < 3g' - 3 + k or r + 2s + 2t < 2g' - 2 + k ), (5AA) 

where g' = g-k. 



5.2 Calculation of the Mixed Hodge polynomial 

We introduce the notation 5^ for the set of triples (r, s, t) of non-negative integers satisfying (|5.1.4I) . To 
simplify notation we will use g instead of g' below. 
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Lemma 5.2.1. 



^ ' ' ^ (l-a)(l-Z.)(l-c)-(i_,)(i_|)(i_^)- 

+ , , / r (5.2.1) 



(r,.v,r)e5j 



(l-a)(l-^)(l-A) 



Proof. Fix ^. It is clear that c S^^j. Furthermore we can separate 5^^^ \ 5^ = i?^ ]Ji?2 i^^to the 
following two disjoint sets: 

R\ := {(r, 5, 6 I r + 35 + 3? = 3^ - 3 + + 1 and r + 25 + 2? > 2^ - 2 + and ? < ^} 

i?2 := {('", 5, 6 Z^o I + 3* + 3? > 3^ - 3 + ^ + 1 and r + 2* + 2? = 2g - 2 + ^ and ? < g}. 
We can calculate 

(r,s,t)eR\ '^=0 '=0 

{l-cla^){l-bla^) (l-b/a^)(l-c/b) ^''^ 

and 

g g-l+[k/2]-t 



J] db'c' = Yu Yj ^'''^''ibla^ncla^y = Y^a'^-^^\c|a^)\b|a'r'— 
■,s,t)eR\ t=Q s=g-t t=0 

a^-^b^il - (c/by^^)(l - (Z>/a2)[*^/2]) 



,1 -(Z7/a2)[^/2] 



(l-c/b){l-b/a^) 

thus 



(5.2.3) 



As 



^t=kSl = {(r,s,t)eZi,\t<g} 

we can deduce that 

1 - c^+i 



(l-a)(l-Z7)(l-c) 



Y a'b'c' = Y a'b'c' + Y Y 



(r,i,f)eu~_,5f, {r,s,t)eSl lc'=k (r,s,t)eSl.,\Sl, 



Using (|5.2.4I) and summing up (15.2.21) and (|5.2.3I) proves the Lemma. □ 
We can now prove Theorem |1.1.3[ 
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Proof. By Proposition 14. 1 .81 we know that the classes a, if/k and /? have homogenous weight 2. Thus y has 
homogenous weight 4. As the cup product is compatible with mixed Hodge structures by Theorem l2. 1.2141 
the homogenous weights of a monomial in the universal generators will be the sum of the homogenous 
weights of the factors (see Remark l4.1.7l) . Thus a method to calculate the mixed Hodge polynomial of AI2 
is to take the monomial basis of Q[Q',/?,7]//f~*' given in (|5.1.4|) evaluate the homogenous weights of the 
individual monomials and sum this up over all monomials. 
First we have 

Lemma 5.2.2. 

^2g-2^4g~4-2k / J _ ^4g-4k^4^2g~2k+2\ _ 4 g-4k^4j6g-6k+6 

> (a^t^Y(a^t'^Y(a'^t^)' = + 

^^^ ^ (l-q'f){q'-l)iq'f-l) (I - qH^) (q^f - I) (q^t^ - I) 

^ q2g-2-kj4g-4-2k _ q2g-2k+2f.g-2k+2^ ^ (^_^-^2g-2-k^4g-4-2k _ ^2 g-2k+2f. g-2k+2^ 

~ 2 {l-q^t^)(q-l){qt^-l) 2 {1 - qh^) (q + 1) (qf + 1) 

Proof. Substitute a = q^f, b = q^t^, c = q^t^ in (15.2.11 ). To prove that the resulting rational function is the 
same as the one above, one can multiply over with the denominators and get an identical expression. □ 

We can now use the description of the cohomology ring of M2 in Theorem 15.1.11 to get the mixed 
Hodge polynomial //(AI2; q, t). We have 



H(M2;q, t) 



Writing in Lemma [5. 2. 21 and summing it up with k yields exactly Theorem 1 1.1. 31 □ 

Remark 5.2.3. The above proof of Theorem 11.1.31 follows closely the geometry behind the proof of The- 
orem |5]TT| in [|38]| . There certain spaces 'Hk of rank 2 Higgs bundles with a pole of order at most k are 
introduced. It is shown there that 'Hq = M2 are diffeomorphic, they form a tower: "7-4 c "7-4+1 and 
the direct limit l-lco '■= ^k=oJ^k is homotopically equivalent with the classifying space of a certain gauge 
group. The cohomology ring H*{9ik) is also generated by the same classes 6,, a, il/i,/3. One can show by 
the description of their cohomology ring in [|38l that there exists an abstract weight filtration on H*{'Hk) by 
setting the weight of the universal generators a, tffi,/3 be 4, and the weight of 6, to be 2 . Lemma [5. 2. II then 
can be considered as calculating the natural two-variable polynomial associated to this abstract weight fil- 
tration on the F-invariant part of H*{'Hk). Similarly to the calculation above, one can obtain the following 
formula for the two-variable polynomial associated to this filtration on the whole cohomology H*(J-{k)'. 



{qh^ + lfS{qt + \fS q^S-2f4g-4+2kf^^2j + ;^)2g(^^ + ^■^2g 
(^2^2 _ 1)(^2^ _ 1) + (^2_1)(^2^2_1) 

1 ^2g-2+i^4g-4+2i(^^ + ;^)2g(^^ ^ ]^^^2g y (_^)2g-2+i^4g~4+2A:(^^ _ ;^)2g(^^ ^ ]^^^2g 

" 2 2 (^+1X^^2+1) 

This polynomial has some remarkable properties. First we see that in the k ^ 00 limit only the 
first term survives, which gives the two-variable rational function associated to this abstract filtration 
on the cohomology H*('Hoo) of the classifying space of the gauge group, which is known to be a free 
anticommutative algebra on the universal generators 6„ a, il/i,/3. 
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Second, the polynomial satisfies a curious Poincare duality, when replacing qhy \/qf. Thus when we 
set t = -1 in the above polynomial we have a palindromic polynomial in q. It has degree 8g - 6 + 2k. 
We may therefore expect that there is a character variety version Alj of the Higgs moduli spaces l-fk so 
that the abstract weight filtration we put on H*('}-{k) is the actual weight filtration coming from the mixed 
Hodge structure on H*(M2)- However if this was the case the E-polynomial of M2 would be of degree 
8g - 6 + 2k, and therefore M2 would have dimension Sg - 6 + 2k. The dimension of ^Hk is 8g - 6 + 3k. 
Therefore what we could expect is perhaps a deformation retract of l-lk being diffeomorphic to a certain 
character variety Alj of dimension 8^-6 + 2^ with the above mixed Hodge polynomial. 

Remark 5.2.4. We can now deduce Corollary 1 1.1.4l by combining Theorem 1 1 .1.31 and Remark I4~2l 



5.3 Curious Hard Lefschetz 

Define the Lefschetz map L : //'(AI2) //'^^(Al2) hy x a U x, where a = 02 is the universal class 
in H^iMz) defined in (14.1.11) . As it respects mixed Hodge structures and a has homogenous weight 2 
by Proposition 14.1.81 it defines a map on the graded pieces of the weight filtration L : Grf H'iMj) — > 
Grfl^H'*^iM2). We now prove TheoremfTLSl 

Proof. We start with a few lemmas. Let us call the last (in the ordering of the sum in (|5.1.2I) ) monomial 
a''°/3^°y° appearing in p"'f^ its tail. Clearly ro = r - min(r, s,g - t), sq = s - min(r, s,g - t) and = 
t - min(r, s,g-t). Thus if a monomial a''°/3''°y° is the tail of the polynomial p"'f ^ then 

ro = or So = or to = g. (5.3.1) 

Let us denote by r,f the set of triples (r, s, t) e Z^q which satisfy (|5.1.3I) . 

Lemma 5.3.1. Let ro, so, to 6 Z>o, to < g and satisfying (|5.3.1I) . Denote by d the number of polynomials 
P'r,s,t ^'^^ C'"' 6 Tn and tail a''°J3^°y'°. It satisfies 

d = min \to + 1, max(ro + ?>So + 4?o - {3g - 3 + n), 0), max(ro + 2^0 + 3?o - {2g - 3 + n), 0)] . (5.3.2) 

The d times d matrix A = (a,y)f jj^j is non-singular, where 



_ J i + j>to 

I (ro+!)!(io+!)!(?o-!-7)! 



i + j< to 



which is the coefficient ofa''°*'B^°'^'y'° ' in ^, , ^ ^, . .. 



Proof. To prove the first statement we need to count the number of < z < ?o such that (ro + i, so + i, to - i) 6 
Tg consequently they satisfy 

ro + 3*0 + 3to + i > 3g - 3 + n, 

thus 

to > i > 3g - 3 + n - (ro + 3so + 3to). 

Similarly, we have 

ro + 2^0 + 2to + i > 2g - 3 + n, 

which yields 

to>i>2g -3 + n-iro + 2so + 2to). 

This proves (|5.3.2I) . 
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For the second statement consider the matrix B = ibij)'f~}^Q with bjj = ('o+3.vo+3fo--2g+2-n+i-;)! ^ j > 

0, and bij = otherwise. As the matrix B is obtained from A by multiplying the rows and columns by non- 
zero constants it is enough to show that B is non-singular. Introduce the notation (a)j = a{a+l) . . .{a+j-l) 
and (a)o = 1. Now we can write 

^ _ (rp + 3^0 + 3to-2g + 2-n + l); 

~ iro + 3so + 3to-2g + 2-n + i- j+l)jito-i)l 
(rp + 3so + 3to-2g + 2-n + /)!(?,) -i-j+ l)j 
(- iy(-ro -3so-3to + 2g-2 + n- i)jito - ! ' 

which is valid for any i and j as (to - i - j + l)j = if and only if to - i - j < (note that 

to-i>to-d+l>0 

and 

ro + 3so + 3to - 2g + 2 - n + i - j + \ > ro + 3so + 3to - 2g + 2 - n + i - d + 2 > 

by (15.3.21 )). Now multiplying the rows and columns of B by non-zero constants we get the matrix C = 
(cijYljlo with 

_ (or-^ 

where or,- = -rp - 3^0 - 3?p -I- 2^ - 2 -I- n - / and fij = -rp - 35p - 4to + 2g-3 + n + j. The determinant of a 
matrix like C was calculated in [22, Lemma 19]. Their formula gives 

,=0 '^"'^^'-l 0</<i<d 

Because 



A + ' - 1 ^ -'"o - 3*0 - 4?o -I- 2^ - 3 -I- n -I- 2J - 2 - 1 < -rp - 3*0 -4?o + 3^-5-l-/i-l-<i<0 

by (|5.3.2I) we get |C| and consequently |A| ^ 0. This completes the proof. □ 
Lemma 5.3.2. Let (rp, Sq, to) satisfy ([5.3. 1\) and let 

w = 6g-6 + 2n-{2ro + 2so + 4?p). (5.3.3) 

The number of monomials of the form a''°'^'fi'''°'^'y'°~' for which 0<rQ + i<3g-3 + n- w and < i < to is 
at least d. 

Proof. We distinguish three cases depending on which of the cases of (15.3.11) is satisfied. 

First case is when rp = 0. The number of monomials of the form a'yg^o+'y'o"' for which < / < 
3^ - 3 - n - w and < z < ?o is clearly 



min(fp + l,3g - 3 + n - w) = min(?o -I- 1,3^-3-i-n-w) 

= min(?o -I- 1, 2ro -I- 2^0 -I- 4?p - (3^ - 3 -I- n)) 

> min(?o -I- 1, rp -I- 2so + 3fp - (2^ - 3 -I- n)) 

> d 
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because of (I5.3.3L < ro, ?o < ^ and (I5.3.2I) . 

Second case is when sq = 0. The number of monomials of the form a''^^' fi^y'^'^ for which ro + / < 
3^ - 3 - n - w and < z < ?o is clearly 

min(?o + l,3,?-3 + n- w-ro) = min(?o + l,3^-3 + n- w-(ro- sq)) 

= min(?o + 1, 2ro + 2^o + 4?o - (3g - 3 + n) - (ro - ^o)) 
= min(?o + 1, r + 3*0 + 4?o - (3^ - 3 + n)) 
> d 

because of (15331) and (15331) . 

Finally the third case is when ?o = ^- Now the number of monomials of the form Q;''o+'^«o+iyg-! fQj- 
which rQ + i<3g-3-n-w and < z < fo is clearly 

min(?o + l,3^-3 + n- w-ro) = min(fo + l,3g - 3 + n - w - {vq + to - g)) 

= min(?o + 1, 2ro + 2*0 + 4?o - (3^ - 3 + n) - (ro + to - g)) 
= min(?o + 1, ?"o + 250 + 3fo - (2^ - 3 + «)) 
> J 

□ 

We say that x e Q[a,/3, y] has homogenous weight w = w(x) if it is homogeneous of degree w when 
a,/3, y are assigned degrees 2, 2 and 4 respectively. Note that all the classes p"f j have homogenous weight 
2r + 2* + M. 

Lemma 5.3.3. Let x 6 QLCj^S, y] have homogenous weight w < 3^ - 3 + n. Then .jca^^"^^""*' e /f implies 
X 6 /f . 

Proof. By Remark 15. 1.2 1 we can write 

(r,i,f)erf(w) 

where y e Q[a,/3, y], Ar^^j £ Q and T^(w) is the set of non-negative triples (r, s, t) satisfying (15.1.31 ) and 
w{p1%) = 2r + 2s + At = 6g-6 + 2n-w = w{xa^^~^^"'n- 

We show that all i,,,,, = 0. Take ir,s,t) e T^(w). Let a'^fi-'y'" be the tail of p";f^. In particular 
w(p"jf) = 2ro + 2so + 4-to. According to Lemma [5. 3. II the number of relations of (/, s', t') e r,f(w) with 
tail a''°P^°y'° is d given by (15.3.21 ). On the other hand Lemma |5 . 3 . 2 1 implies that the number of monomials 
Q,ro+ii^so+iyo-' such that 0<ro + z<3^-3 + n- w and < z < ?o is at least d. But these monomials 
do not appear on the LHS of (15.3.41 ) because all the terms there are divisible by a^^"^^" "'. They are only 
contained in relations with tail a'''^/3''°y'° therefore Lemma [5.3.11 implies , , = 0. 

Consequently xa^^'^'^"^^'^-^^ = y^'^^y, which implies x is divisible by y^'^^, thus x e /f. Lemma [5.3.31 
follows. □ 

We can now prove Theorem ll.1.51 By Corollary 11.1.4! (proved in Remark [5.2.4!) we know that 

dim(Gr^g^,^^iH'-'(M2)) = h^'''-'''^-^-'''-\M2) = /^3^^-3+U«-3+/;;+/(^^) ^ dim(Gr6^_6^2/^'^'(A^2)) 
thus it is enough to show that L' in the Theorem above is an injection. 
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Now by Theorem lS.l.ll any element z 6 GrJ^^^ ,,jH' '(AI2) can be represented as z = J^I^q ytl^k], where 

yt 6 Aq(i/^) and [xt] 6 Q[a,fi,y]/If''', with a representative Xk e Q[a,fi,y] of homogenous weight. As 
w(yk) = 2k we have w(xk) = 3g-3-l-2k = 3(g -k)-3 + k-lor equivalently / = 3(^ -k)-3 + k- w(xk). 
Assume now that za' = 0. This would imply that xta' e If''' for all k. By the previous Lemma 15.2.11 
Xk e 7^"*^ and so z = 0. Theorem [1.1.51 follows . □ 

Corollary 14. 1.10! implies that the pure part of H*(JVl2) is g dimensional, due to the Newstead relation 
yS^ = proved in [i38il . This combined with Theorem II . 1 . 3 1 and Theorem 14 .4. 1! proves Theorem II. 1.6[ 

We know from [[4T]| that the middle cohomology H^^'^{M2) is also g-dimensional. The curious Hard 
Lefschetz map then gives a natural isomorphism between the associated graded of the weight filtration on 
the vector spaces PH*{M2) and H^^-^iMj) (cf. Remark [4X6| and Remark[4A6l). 

5.4 Intersection form 

Theorem 1 1 . 1 . 3 1 and Proposition 14.4.41 implies that the middle cohomology of AI2 does not have pure part 
and as explained in Corollary 14. 5 . 1 1 we have 

Corollary 5.4.1. The intersection form on //^^"^(Ali) is trivial, i.e., there are no "topological!} harmonic 
forms " on Mi- 



6 Appendix by Nicholas M. Katz: E-polynomials, zeta-equivalence, 
and polynomial-count varieties 

Given a noetherian ring R, we denote by (Sch/i?) the category of separated i?-schemes of finite type, 
morphisms being the i?-morphisms. We denote by ^o(Sch/i?) its Grothendieck group. By definition, 
^o(Sch/i?) is the quotient of the free abelian group on elements [X], one for each separated i?-scheme of 
finite type, by the subgroup generated by all the relation elements 

[X] - [Y], whenever X''"'^ = V"^, 

and 

[X] - [X\Z] - [Z], whenever Z c X is a closed subscheme. 

It follows easily that if X is a finite union of locally closed subschemes Z,, then in Ko(Sch/R) we have 
the inclusion-exclusion relation 

[X] = J][Zi]-Y,[ZinZj] + .... 

For any ring homomorphism R — > R' of noetherian rings, the "extension of scalars" morphism from 
(Sch/i?) to (Sch/7?') which sends XjR to X ®r R'/R', extends to a group homomorphism from Ko(Sch/R) 
to Ko{Sch/R'). 

Suppose A is an abelian group, and p is an "additive function" from (Sch/i?) to A, i.e., a rule which 
assigns to each X e (Sch/7?) an element p(X) e A, such that p{X) depends only on the isomorphism class 
of X'''^'', and such that whenever Z c X is a closed subscheme, we have 

p(X)=p(X-Z)+p(Z). 
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Then p extends uniquely to a group homomorphism from Ko(Sch/R) to A, by defining p(HiK]) = 

When R=C, we have the following simple lemma, which we record now for later use. 

Lemma 6.1.1. Every element ofKo(Sch/C) is of the form [S]- [T], with S and T both projective smooth 
(but not necessarily connected) C-schemes. 

Proof. To show this, we argue as follows. It is enough to show that for any separated C-scheme of finite 
type X, [X] is of this type. For then -[X] = [T] - [S], and 

- [ri] + [52] - [T2] = [Si U 52] - [T, U T2I 

and the disjoint union of two projective smooth schemes is again one. [Indeed, if we embed each in a 
large projective space, say S c P^' and pick a point a, 6 P^' \ S then 5 1 x a2 and ai x 5 2 are disjoint in 

piVi xP^2.] 

We first remark that for any X as above, [X] is of the form [V] - [W\ with V and W affine. This follows 
from inclusion-exclusion by taking a finite covering of X by affine open sets, and noting that the disjoint 
union of two affine schemes of finite type is again an affine scheme of finite type. So it suffices to prove 
our claim for affine X. Embedding X as a closed subscheme of some affine space and using the relation 

[Z] = [A^]-[A^\Z], 

it now suffices to prove our claim for smooth quasiaffine X. By resolution, we can find a projective smooth 
compactification Z of X, such that Z \ Z is a union of smooth divisors D, in Z with normal crossings. Then 
by inclusion-exclusion we have 

[X] = [Z] - J^[Di] + Y).Di n D,] + . . . . 

In this expression, each summand on the right hand side is projective and smooth. Taking for S the disjoint 
union of the summands with a plus sign and for T the disjoint union of the summands with a minus sign, 
we get the desired expression of our [X| as [5] - [7], with S and T both projective and smooth. □ 

Now take for R a finite field F^. For each integer n> 1, the function on (Sch/F^) given by Z 1-^ #Z(Fg«) 
is visibly an additive function from (Sch/F^) to Z. Its extension to Ko(Sch/Fq) will be denoted 

We can also put all these functions together, to form the zeta function. Recall that the zeta function 
Z(X/¥q, t) of Xl¥q is the power series (in fact it is a rational function) defined by 

Z(Z/F„ t) = exp\Yj m^q-rin] . 

Then X t-^ Z(X/¥q, t) is an additive function with values in the multiplicative group QitY. We denote by 

7^Zeta(7/F^,0 

its extension to ^o(Sch/F^). We say that an element 7 G ^o(Sch/Fg) is zeta-trivial if Zetaiy /Fq,t) = 1, 
i.e., if #7(F^'.) = for all n > 1. We say that two elements of ^o((Sch/Fg) are zeta-equivalent if they have 
the same zeta functions, i.e., if their diff'erence is zeta-trivial. 
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We say that an element y 6 ^o(Sch/F^) is polynomial- count (or has polynomial count) if there exists 
a (necessarily unique) polynomial Py/Vgit) = 2; a,?' e C[?] such that for every finite extension F^/F^, we 
have 

#7(F,„) = P^/F,(^"). 

If y/¥q has polynomial count, its counting polynomial Py/FgiO lies in Z[t]. (To see this, we argue as 
follows. On the one hand, from the series definition of the zeta function, and the polynomial formula for 
the number of rational points, we have 

(td/dt)log(Z(j/¥„ t)) = m't/(l - q% 

i 

As the zeta function is a rational function, say Wi{\ - ttiO/DyCl ~ l^j^) lowest terms, we first see 
by comparing logarithmic derivatives that each of its zeroes and poles is a non-negative power of llq. 
Thus for some integers the zeta function is of the form OnsoCl ~ cftY^"- Again comparing logarithmic 
derivatives, we see that we have a„ = bn for each n.) 

Equivalently, an element y e ^o(Sch/F^) is polynomial-count if it is zeta-equivalent to a Z-linear 
combination of classes of affine spaces [A'], or, equivalently, to a Z-linear combination of classes of 
projective spaces [P'] (since [A'] = [P'] - [P'"^], with the convention that P"^ is the empty scheme). If 
■y/Fq is polynomial-count, then so is its extension of scalars from F^ to any finite extension field, with the 
same counting polynomial. (But an element y/F^ which is not polynomial-count can become polynomial- 
count after extension of scalars, e.g., a nonsplit torus over F^, or, even more simply, the zero locus of a 
square-free polynomial f{z) e F^[z] which does not factor completely over F^.) 

Now let Rhea ring which is finitely generated as a Z-algebra. We say that an element 7 e KQ(Sch/R) 
is zeta-trivial if, for every finite field k, and for every ring homomorphism : R — > k, the element y^,k/k 
in ^o(Sch/F^) deduced from 7 by extension of scalars is zeta-trivial. And we say that two elements are 
zeta-equivalent if their diff"erence is zeta-trivial. 

We say that an element 7 6 ^o(Sch/7?) is strongly polynomial-count with (necessarily unique) counting 
polynomial Pyjuit) e Z[?] if, for every finite field k, and for every ring homomorphism : R — > k, the 
element 7^,^/^: in ^o(Sch/F^) deduced from 7 by extension of scalars is polynomial-count with counting 
polynomial Py/R(t). 

We say that an element 7 G Ko(Sch/R) is fibrewise polynomial-count if, for every ring homomorphism 
(f> : R — > k, the element y^^k/k in A^o(Sch/F^) deduced from 7 by extension of scalars is polynomial-count 
(but we allow its counting polynomial to vary with the choice of (k, <p)). 

All of these notions, zeta-triviality, zeta equivalence, being strongly or fibrewise polynomial-count, are 
stable by extension of scalars of finitely generated rings. 

We now pass to the complex numbers C. Given an element 7 e ^o(Sch/C), by a "spreading out" of 
7/C, we mean an element y^ e KoiSch/R), R a subring of C which is finitely generated as a Z-algebra, 
which gives back 7/C after extension of scalars from R to C. It is standard that such spreadings out exist, 
and that given two spreadings out 7^ € A'o(Sch/i?) and yR> £ KQ(Sch/R'), then over some larger finitely 
generated ring R" containing both R and R', the two spreadings out will agree in Ko(Sch/R"). 

We say that an element 7 e ^o(Sch/C) is zeta-trivial if it admits a spreading out yR e KoiSch/R) which 
is zeta-trivial. One sees easily, by taking spreadings out to a common R, that the zeta-trivial elements form 
a subgroup of A^o(Sch/C). 

We say that two elements are zeta-equivalent if their difference is zeta-trivial. We say that an element 
is strongly polynomial-count, with counting polynomial Py(t) G Z[t], (respectively fibrewise polynomial- 
count) if it admits a spreading out which has this property. 
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Given Z/C a separated scheme of finite type, its E-polynomial EiX; x, y) 6 Z[x, y] is defined as follows. 
The compact cohomology groups H^X"", Q) carry Deligne's mixed Hodge structure, cf. LSJ and [i9i 8.3.8], 
and one defines 

E(X-x,y) = J]ep,,xPy'', 

where the coefficients e^^ are the virtual Hodge numbers, defined in terms of the pure Hodge structures 
which are the associated gradeds for the weight filtration on the compact cohomology as follows: 

ep,, := J](-iyhP'\gr>^^\H'^(X"\Q)). 

i 

Notice that the value of E{X; x,y) at the point (1, 1) is just the (compact, or ordinary, they are equal, by 
[|48J) Euler characteristic of X. One knows that the formation of the E-polynomial is additive (because the 
excision long exact sequence is an exact sequence in the abelian category of mixed Hodge structures, cf. 
BH 8.3.9]). So we can speak of the E-polynomial E{y; x,y) attached to an element y e ^o(Sch/C). 

Theorem 6.1.2. We have the following results. 

(1) Ify 6 ^o(Sch/C) is zeta-trivial, then 

E{y;x,y) = 0. 

(2) Ifyi 6 ^o(Sch/C) andy2 6 ^o(Sch/C) are zeta-equivalent, then 

E{yi\x,y) = E(y2;x,y). 
In particular, ifX and Y in (Sch/C) are zeta-equivalent, then 

E(X;x,y) = E(Y-x,y). 

(3) Ify 6 A^o(Sch/C) is strongly polynomial-count, with counting polynomial Py{t) e Z[?], then 

E(y;x,y) = Py{xy). 

In particular, ifX 6 (Sch/C) is strongly polynomial-count, with counting polynomial Px(t) 6 Z[t], 
then 

E(X-x,y) = Px(xy). 

Proof. Assertion (2) is an immediate consequence of (1), by the additivity of the E-polynomial. Statement 
(3) results from (2) as follows. If y e J^o(Sch/C) is strongly polynomial-count, with counting polynomial 
Py(t) = Yui^i^^ £ '^J:], then by definition y is zeta-equivalent to ^ ^o(Sch/C). So we are 

reduced to noting that E(A';x,y) = x'y', which one sees by writing [A'] = [P'] - [P'"^] and using the 
basic standard fact that ^(P'; x,y) = YjQ<j<i ■ So it remains only to prove assertion (1) of the theorem. 
By lemma [6^.1. 11 every element y 6 ^o(Sch/C) is of the form [X] - [7], with X and Y are projective 
smooth C-schemes. So assertion (1) results from the following theorem, which is proven, but not quite 
stated, in [l65l|. (What Wang proves is that "K-equivalent" projective smooth connected C-schemes have 
the same Hodge numbers, through the intermediary of using motivic integration to show that K-equivalent 
projective smooth connected C-schemes are zeta-equivalent.) □ 

Theorem 6.1.3. Suppose X and Y are projective smooth C-schemes which are zeta-equivalent. Then 

E{X-x,y) = E{Y-x,y). 
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Proof. Pick spreadings out XjR and over a common R which are zeta-equivalent. At the expense of 
inverting some nonzero element in R, we may further assume that both X/R and are projective and 
smooth, and that R is smooth over Z. We denote the structural morphisms of X/R and by 

f:X^ Spec{R),g : J/ Spec(7?). 

One knows (4T, 5.9.3] that, for any finitely generated subring R <z C, there exists an integer N > I 
such that for all primes £ which are prime to N, there exists a finite extension E/Qf, with ring of integers O 
and an injective ring homomorphism from R to O. Fix one such prime number £, which we choose larger 
than both dim(X) and dim(y), and one such inclusion of R into O. 

Over Spec(i?[l/^]), the Qrsheaves R'f.Qe and R'g.Qe are lisse, and pure of weight / [El 3.3.9]. By 
the Lefschetz Trace Formula and proper base change, for each finite field k, and for each fc- valued point (p 
of Spec(i?[l/^]), we have 

Zeta(^,,^/fc, = n - tFrohk,^ \R'mef-'^'"' 

i 

and 

Zeta(J/,,^/fc, = n det(l - ?Frob,,^ |i?'^,Q,)(-'^'" 
(■ 

By the assumed zeta-equivalence, we have, for each finite field k, and for each fc-valued point of 
Spec(i?[l/^]), the equality of rational functions 

Zeta{Xk,^/k, t) = Zeta(J/;t,^/fc, 0- 

Separating the reciprocal zeroes and poles by absolute value, we infer by purity that for every i, we have 

det(l - ?Frob;t,^ IR'/M = det(l - fFrob^,^ \R'g*Qe)- 

Therefore by Chebotarev the virtual semisimple representations of 7ri(Spec(7?[l /£])) given by {R'ftQeY^ 
and (R'g^^Qfy are equal: 

(R^m^r = (R'gMy- 

Now make use of the inclusion of R into O, which maps R[l /£] to E. The puUbacks Xq and J/^ of 
X/R and to O are proper and smooth over O. Thus their generic fibres, Xe and }/e are projective and 
smooth over E, of dimension strictly less than £, and they have good reduction. Via the chosen map from 
Spec(£) to Spec(R[\/£]), we may pull back the representations R'f^Qi) and R'g^Qt) of ni(Spec{R[\/£])) 
to ni{Spec{E)), the galois group GuIe '■= Gal(E'^P /E). Their puUbacks are the etale cohomology groups 
H\XEs<!p,Q,e) and J/^ Q^) respectively, viewed as representations of GgIe. These representations of 
Gals need not be semisimple, but their semisimplifications are isomorphic: 

H'(XE.^e„,Qty' = //'(J/£,.p,Q,)"'. 

By a fundamental result of Fontaine-Messing fW, Theorems A and B] (which applies in the case of good 
reduction, E/Q^ unramified, and dimension less than £) and Faltings [fT5l 4.1] (which treats the general 
case, of a projective smooth generic fibre), we know that H'(XE«p,Qi) and H'(ifE^'p,Q{) are Hodge-Tate 
representations of Gals, with Hodge-Tate numbers exactly the Hodge numbers of the complex projective 
smooth varieties X and Y respectively (i.e., the dimension of the Ga/^-invariants in //" (X^ Qf)(Z?) ® Q 
under the semilinear action of GalE is the Hodge number H'''''~'\X), and similarly for Y). By an elementary 
argument of Wang [65, 5.1], the semisimplification of a Hodge-Tate representation is also Hodge-Tate, 
with the same Hodge-Tate numbers. So the theorem of Fontaine-Messing and Faltings tells us that for 
all /, H\X) and H'(Y) have the same Hodge numbers. This is precisely the required statement, that 
E(X;x,y) = E{Y;x,y). □ 
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The reader may wonder why we introduced the notion of being fibrewise polynomial-count, for an 
element y e Ko{Sch/C). In fact, this notion is entirely superfluous, as shown by the following Theorem. 



Theorem 6.1.4. Suppose j e ^o(Sch/C) is fibrewise polynomial-count. Then it is strongly polynomial- 
count. 

Proof. Write y as [X] - [7], with X and Y projective smooth C-schemes. Repeat the first paragraph of 
the proof of the previous theorem. Extending R if necessary, we may assume that the element {X/R] - 
[if/R] 6 ^o(Sch/i?) is fibrewise polynomial-count. So for each finite field k and each ring homomorphism 
: R — > k, there exists a polynomial P/t,<^ = '^n,k,(p^" ^ ^[^] such that 

Zeta(^,,^/fc,0/Zeta(J/,,^/fc,0 = ]~[(1 - (M)"?)-""*^ 

n 

Writing the cohomological expressions of the zeta functions and using purity, we see that the coefficient 
o-n,k,</> just '^he difference of the 2n'th ^-adic Betti numbers of Xt,,/, <S) k and J//t,0 (S) k, which is in turn the 
difference of the ranks of the two lisse sheaves i?^"/«Qf and R^"g^:Qi;. This last difference is independent 
of the particular choice of (k, (p). □ 
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